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Abstract
Using the duality between Wilson loop expectation values of SU(N) Chern–Simons
theory on S3 and topological open-string amplitudes on the local mirror of the resolved
conifold, we study knots on S3 and their invariants encoded in colored HOMFLY
polynomials by means of topological recursion. In the context of the local mirror
Calabi–Yau threefold of the resolved conifold, we generalize the topological recursion
of the remodelled B-model in order to study branes beyond the class of toric Harvey–
Lawson special Lagrangians — as required for analyzing non-trivial knots on S3.
The basic ingredients for the proposed recursion are the spectral curve, given by
the augmentation variety of the knot, and the calibrated annulus kernel, encoding
the topological annulus amplitudes associated to the knot. We present an explicit
construction of the calibrated annulus kernel for torus knots and demonstrate the
validity of the topological recursion. We further argue that — if an explicit form of the
calibrated annulus kernel is provided for any other knot — the proposed topological
recursion should still be applicable. We study the implications of our proposal for knot
theory, which exhibit interesting consequences for colored HOMFLY polynomials of
mutant knots.
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1 Introduction
About twenty five years ago, Witten showed that Wilson loops in Chern–Simons
theory furnish a suitable framework to study knots and their invariants on three
manifolds [1]. Since then, this momentous work has led to many important insights,
both in quantum field theory and in knot theory.1 As SU(N) Chern–Simons theory
on the three sphere S3 is equivalent the A-twisted topological string theory on the
total space T ∗S3 of the cotangent bundle of the three sphere [5], knot invariants can
also be studied in terms of topological strings [6].
A topological version of the holographic principle gives rise to a large N transi-
tion [7], which maps the topological open string theory on T ∗S3 to a dual topological
closed string theory on the resolved conifold O(−1)⊕O(−1)→ P1. Furthermore, the
mirror curve that defines the local mirror geometry of the resolved conifold, has been
interpreted as the spectral curve of a matrix model [8–10], which provides for a power-
ful method to compute closed and certain open string correlation functions using the
topological recursion introduced by Eynard and Orantin [11]. In these duality corre-
spondences expectation values of Wilson loops of finite-dimensional representations
of SU(N) Chern–Simons theory are mapped to open topological string amplitudes
in the presence of (non-compact) Lagrangian probe branes, which model the Wilson
loop and hence the knot under consideration [6]. From a knot theory perspective the
Wilson loop expectation values yield the HOMFLY polynomials of knots colored with
finite representations of SU(N) [1].
The aim of this note is to calculate knot invariants from open-string correlation
functions in the topological B-model of the local mirror geometry of the resolved coni-
fold by means of topological recursion. For the unknot on S3 such calculations have
been carried out a long time ago [6]. In this case a tremendous simplification occurs
because the mirror curve of the resolved conifold coincides with the moduli space
of the probe brane for the unknot. This is a general feature of the Harvey–Lawson
special Lagrangian branes [12–14] in local toric Chern–Simons manifolds and is re-
sponsible for the relative simplicity of the matrix model formulation in the remodelling
approach [9, 10]. However, in general the moduli space of a probe brane associated
to a knot does not coincide with the mirror curve, which makes the calculation of
topological correlation functions more challenging.
Using the topological recursion approach [10, 11], an interesting construction to
calculate topological correlators for torus knots has been put forward in ref. [15].
However, the used spectral curve of the matrix model does not solely describe the
moduli space of the relevant probe branes, and therefore it contains (at each level of
the topological recursion) redundant contributions that — at least to our knowledge
— do not enjoy a physical interpretation directly linked to the analyzed torus knots.
Another interesting recent development links the augmentation variety of the dif-
1For a review, see for instance [2–4] and references therein.
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ferential graded algebra of knot contact homology [16–20] to the moduli space of the
associated probe brane in the resolved conifold geometry [21, 22]. While the con-
nection to the moduli space of the probe brane admits an immediate extraction of
topological disk invariants [22–25], the implementation of the topological recursion
along the lines of ref. [11] requires a careful reexamination of the second ingredient of
the topological recursion, namely the annulus kernel.
In this work we provide a modified definition for this kernel, which enables us to
perform the topological recursion directly based upon the moduli space of the probe
brane — that is to say upon the augmentation variety of the differential graded algebra
in knot contact homology. We construct these annulus kernels in particular for torus
knots and demonstrate the viability of the proposed recursion explicitly by showing
that all our results conform with the existing literature. Our construction is inspired
by the approach of ref. [15], but let us emphasize that by applying the topological
recursion directly to the augmentation variety, we obtain at each step in the recursion
only correlators specific to the analyzed knot without any redundancies as in ref. [15].
In ref. [23], it is argued that the moduli space of the probe brane for any knot may
also enjoy an interpretation as an unconventional mirror curve to the resolved conifold
geometry and proposed that a drastic simplification of the periods of these degenerate
curves of generally high genus occurs, which is necessary to give them a closed string
interpretation in the conifold background. These simplifications are not found, but we
do obtain the expected conifold closed string amplitudes. In particular, we check that
a generalization of the variational principle of ref. [26] gives the conifold planar free
energy from the augmentation varieties for general knots, and we use the modified
kernels to check the genus one free energy for torus knots.
Our explicit construction of the kernels for the augmentation varieties clarifies the
relation between the approaches in ref. [15] and in ref. [23]. So far it requires rather
detailed knowledge of that part of the information in the colored HOMLFY polynomial
that determines the annulus amplitude and is currently only available for torus knots.
However, we expect that this is a technical restriction and the topological recursion
based on the modified kernel works for more general knots as well. Based on general
properties of colored HOMFLY polynomials of mutant knots [27], we argue that the
knowledge of the augmentation variety itself is not sufficient to deduce the kernel
required for carrying out the proposed topological recursion. Nevertheless, assuming
only the existence of a kernel that renders the topological recursion possible, we are
able to conjecture some intriguing consequences for a general pair of mutant knots.
For instance, if two mutant knots are distinguishable by some HOMFLY polynomials
colored with a finite representation of SU(N), then — for sufficiently large N —
this pair of mutant knots can certainly be distinguished by the colored HOMFLY
polynomials of a representation of SU(N) given by a Young tableau with two rows.
The outline of this paper is as follows: In Section 2, starting from the spectral
curve and the matrix model formulation introduced in ref. [15], we construct the
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moduli space varieties of the probe branes associated to torus knots on S3, which —
as we demonstrate — are equivalent to the augmentation varieties of the correspond-
ing differential graded algebra in knot contact homology. This correspondence allows
us to derive the annulus kernels, generating the annulus amplitudes and required for
carrying out the topological recursion on the level of the augmentation varieties. In
particular, the sample calculations in Section 2.4 explain the relation between the
curve of [15], whose construction is reviewed in Section 2.2, and the augmentation
variety discussed in Section 2.5. In Section 2.6, we provide an independent evidence
in favor of the validity of the annulus kernel found in Section 2.3. Section 3 is the
main part of this paper. Building on the results of the previous section, we propose
a topological recursion for knot invariants in the spirit of Eynard and Orantin [11].
We check our proposal by applying the topological recursion to torus knots explicitly.
In particular, for the trefoil knot, we deduce from the topological recursion the three-
point amplitude in genus zero, the one-point amplitude in genus one, and the closed
string free energy F (1) for the associated probe brane in the resolved conifold. We
discuss our findings, and show that all our results are in agreement with the existing
literature. We also demonstrate that it is possible to extract the planar free energy
F (0) of the conifold resolution from the augmentation variety of an arbitrary knot. In
Section 4, we discuss general features of the proposed topological recursion and its
implications for HOMFLY polynomials colored with SU(N) representations. Assum-
ing generality of our proposal we conjecture some consequences for colored HOMFLY
polynomials of pairs of mutant knots. In Section 5, we present our conclusions, dis-
cuss the implications of our results and point out some future directions. We present
the technical details of our calculations in a series of appendices. In Appendix A,
we explicitly present the physical annulus kernel of the trefoil knot. In Appendix B,
using equivariant localization techniques, we calculate the (stretched) annulus instan-
ton numbers for the first few windings in the A-model for several torus knots. In
Appendix C, we calculate the full stretched annulus amplitudes from the quantum
group invariants of composite representations. Appendix D is concerned with the
symplectic transformation properties of F (1) in the remodelled B-model. Appendix E
provides detailed proofs for some technical statements made in Section 3. Finally,
Appendix F summarizes the augmentation polynomials of those non-torus knots for
which the corresponding prepotentials, F (0), have been calculated.
2 Spectral curves and annulus kernels of knots
Following ref. [5,6], a knot K on S3 is modeled in string theory on the deformed coni-
fold geometry T ∗S3 as the intersection locus of a stack N compact special Lagrangian
branes on the compact three-cycle S3 with a stackM non-compact special Lagrangian
probe branes LK of topology K × R2 with the non-compact directions suitably em-
bedded in the cotangent directions of T ∗S3. The extremal transition to the resolved
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conifold geometry O(−1) ⊕ O(−1) → P1 realizes a large N transition [7]. In this
transition the stack of branes on S3 are replaced by a background flux supported on
P1, while the M non-compact probe branes still describe the knot K [28]. In this
transition the volume of P1 of the resolved conifold is given by the ’t Hooft coupling
vol(P1) = gsN ,
with the string coupling gs, which in turn gets complexified by the expectation value
of the B-field to the complexified Ka¨hler parameter
t = B + i vol(P1) .
The described string theory on the conifold is dual to SU(N) Chern–Simons theory
on S3 [1], where the string coupling gs is identified with the coupling constant k of
the SU(N) Chern–Simons theory as2
gs =
2π
k +N
.
Furthermore, the Wilson loop expectation value of the knot K in some finite rep-
resentation of SU(N) — which yields in knot theory the HOMFLY polynomial of K
colored with this representation of SU(N) [5,6] — is given to leading order in gs by the
disk instanton generated superpotential of the stack of probe branes. Starting from
the annulus kernel — generating the annulus instanton numbers of the probe branes
in the resolved conifold — the higher order corrections in gs arise from topological
recursion to be discussed in detail in Section 3.
The aim of this section is to establish the local mirror symmetry geometry for
probe branes on the resolved conifold describing the knot K on S3. To set the stage
and to establish our notation, we first review the local mirror symmetry picture for
unknot, which naturally leads us to the matrix model formulation of torus knots in
terms of fractional unknots as introduced by Brini–Eynard–Marin˜o [15]. For torus
knots, we establish the precise relationship between the picture of fractional unknots
and the probe brane moduli space, as arising from the augmentation varieties of
the differential graded algebras in knot contact homology [16–20].3 This allows us to
derive both the disk instanton generated superpotential and the kernel for the annulus
instantons of the augmentation varieties for torus knots. We hope that in the future
fractional unknots can be used more generally to deduce the superpotentials and the
annulus kernels for knots beyond the class of torus knots, and we plan to get back to
this issue elsewhere.
2For a review of these discussed dualities, see for instance ref. [29] and references therein.
3The fractional unknots approach is a B-model point of view, in which the augmentation variety
plays the role of the classical moduli space of the B-brane mirror to the Lagrangian brane LK. The
differential graded algebra perspective is an A-model picture, and the augmentation variety furnishes
the quantum moduli space of the Lagrangian brane LK.
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2.1 The spectral curve for unknot
The local mirror geometry of the resolved conifold O(−1)⊕O(−1)→ P1 is given by
the genus zero spectral curve [30]
(1−Qβ)− αβf (1− β) = 0 , α, β ∈ C∗ , (2.1)
with the integral parameter f and the complex structure parameter Q, which is
mapped by local mirror symmetry to the complexified volume of the compact one-
cycle P1 of the resolved conifold
t =
1
2πi
logQ . (2.2)
Viewed as the mirror spectral curves of the resolved conifold, all choices of the
integral parameter f are equivalent due to simple coordinate redefinitions of the C∗
variable α. However, the spectral curve (2.1) also enjoys the interpretation as the
open-string moduli space of non-compact toric brane of the conifold [13, 31]. In par-
ticular, α is the algebraic coordinate in the semi-classical regime of the toric special
Lagrangian brane L of topology S1×R2 residing on an exterior leg of the toric skele-
ton of the resolved conifold. Then the parameter f describes the framing of this
non-compact brane L, and its (framing dependent) quantum superpotential — gen-
erated by disk instantons corrections — becomes [13, 14]
WL,f(α;Q) =
∫
dα
α
log β(α;Q) , (2.3)
where β(α;Q) is the function defined implicitly by the spectral curve (2.1). The probe
brane L describes the unknot on S3 [6], and the framing parameter f becomes the
framing of the unknot in S3, while the disk instanton generated superpotential (2.3)
captures the leading order contribution in gs of appropriate linear combinations of
colored HOMFLY polynomials of unknot.
Moreover, the annulus instantons of the probe brane L are generated by the (fram-
ing dependent) annulus kernel [10, 11]
BL,f(α1, α2;Q)dα1dα2 =
β ′(α1)β
′(α2)
(β(α1)− β(α2))
2 dα1dα2 , (2.4)
defined on the (symmetric) product of the spectral curve (2.1). Since the moduli space
of the probe brane L for unknot coincides with bulk spectral curve, the annulus kernel
is given by the Bergman kernel. For genus zero spectral curves, the Bergman kernel
is uniquely defined by the property that the double pole on the diagonal spectral
curve α1 = α2 (normalized to one) is the only pole of the kernel. As we will see for
more general knots, the moduli space of the associated probe branes do not coincide
with the genus zero curve (2.1) of the mirror conifold geometry any more, and as
a consequence the annulus kernel does not exhibit the simple pole structure of the
Bergman kernel anymore.
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2.2 Brini–Eynard–Marin˜o approach to torus knots
Using SL(2,Z) transformations acting on the spectral curve of the unknot (2.1), Brini,
Eynard and Marin˜o show that the probe branes Lr,s associated to torus knots Kr,s
(with the co-prime integers r and s) are encoded in the spectral curve [15]
hr,s(ζ, ρ;Q) = (1−Qρ
r)− ζρs (1− ρr) = 0 . (2.5)
Identifying (ζ, ρr) with the C∗ coordinate (α, β) in (2.1), this spectral curve can be
viewed as the unknot spectral curve with fractional framing
f =
s
r
∈ Q . (2.6)
A priori the fractional framing of the unknot does not have an immediate physical
interpretation. Therefore, in the following we sometimes refer to the above spectral
curve (2.5) as the auxiliary spectral curve.
Furthermore, expanded in the vicinity ζ = 0, ρr = Q−1 of this auxiliary curve, the
authors show that the superpotentials
W (k)r,s (ζ ;Q) = r
∫
dζ
ζ
log ρ(k)(ζ ;Q) , k = 1, . . . , r , (2.7)
with the superscript k labeling the distinct expansion points (ζ, ρ) = (0, e2πik/rQ−1/r),
encode the physical superpotential Wr,s of the Lagrangian probe brane Lr,s associated
to the torus knot Kr,s in the following way. First, we occasionally note that the
superpotentials W
(k)
r,s — which we denote accordingly as the auxiliary superpotentials
in the following — enjoy the series expansion
W (k)r,s (ζ ;Q) = log
(
e2πik/rQ−1/r
)
log ζr +
∞∑
n=1
P˜ (r,s)n (Q)ζ
n , (2.8)
where the classical term that is linear in the flat open-string modulus (log ζ) is a space-
time Fayet–Iliopolous term [32]. The non-perturbative disk instanton corrections from
the probe branes Lr,s are encoded in the coefficient polynomials P˜
(r,s)
n (Q) of the series
expansion in the algebraic open-string coordinate ζ , and the exponent n yields the
winding number of the disk instantons enumerated in P˜
(r,s)
n (Q).
We observe that the phase transformation ζ → e2πi/rζ cyclicly permutes the so-
lutions ρ(k)(ζ).4 This phase shift acts trivially on the algebraic coordinate α = ζr,
4As r and s are co-prime integers, Be´zout’s Lemma ensures that we can always find integers p
and q with rp − sq = 1. As a consequence, if (ζ, ρ) is a point on the auxiliary spectral curve (2.5),
then one readily checks that the point (e2pii/rζ, e2piiq/rρ) resides on the curve, too. Finally, since the
solutions ρ(k) obey limζ→0 ρ
(k)(ζ) = e2piik/rQ1/r, the phase transformation ζ → e2pii/rζ results in the
cyclic permutation ρ(k)(ζ)→ ρ(k+q mod r)(ζ).
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which in ref. [15] is identified with the physical open-string coordinate of the probe
brane Lr,s. The sum of all superpotentials W
(k)
r,s is invariant with respect to this phase
transformation, and therefore yields the physical superpotential of the brane Lr,s
Wr,s =
r∑
k=1
W (k)r,s = r
∫
dζ
ζ
log
(
ρ(1)(ζ ;Q) · . . . · ρ(r)(ζ ;Q)
)
. (2.9)
In this way only disk instanton corrections at winding numbers that are integral in the
variable α contribute, which justifies the identification ofWr,s with the superpotential
of the brane Lr,s. Thus in terms of the algebraic open-string coordinate α the physical
superpotential becomes5
Wr,s(α;Q) = − logQ logα+ r
∞∑
n=1
P˜ (r,s)rn (Q)α
n , α = ζr . (2.10)
We can also infer that the framing of the described torus knot Kr,s is given by
r · s = s
r
· r2. Here the fractional framing (2.6) is multiplied by one factor of r due
to the restriction to winding contributions ζr, while the second factor of r arises due
to concatenation of all solutions ρ(k)(ζ) in eq. (2.9). Note that — even though the
superpotentials W
(k)
r,s and W
(k)
s,r are inequivalent — the physical superpotential Wr,s
and Ws,r (for r 6= s) are the same [15], which is consistent with the fact that the
framed torus knots Kr,s and Ks,r are also identical. Note that similarly this symmetry
appears in the Rosso–Jones formula for torus knots as well [33].
One of the beautiful results of the work by Brini, Eynard and Marin˜o is that the
auxiliary spectral curve (2.5) also gives rise to auxiliary annulus kernels
B(k,ℓ)r,s (ζ1, ζ2;Q)dζ1dζ2 =
(
rρ(k)(ζ1)
r−1ρ(k)′(ζ1)
) (
rρ(ℓ)(ζ2)
r−1ρ(ℓ)′(ζ2)
)
(ρ(k)(ζ1)r − ρ(ℓ)(ζ2)r)
2 dζ1dζ2 , (2.11)
for k, ℓ = 1, . . . , r. They can be interpreted as Bergman kernels of the unknot spectral
curve with fractional windings [15]. These Bergman kernels contain also auxiliary
fractional windings. Nevertheless, they arise from a matrix model such that the
topological recursion of Eynard and Orantin is applicable as shown in ref. [26]. As
before the physical amplitudes relevant for the torus knots Kr,s are extracted from
the integral winding contributions of these amplitudes in terms of the algebraic open-
string coordinates αµ = (ζµ)
r.
5In ref. [15] already the superpotentials (2.7) have been expressed in terms of the open-string
coordinates α = ζr. Then it is argued that only the analytic terms — that is to say only contributions
αq with q ∈ Z— give rise to disk instantons relevant for Wilson loop expectation values of the torus
knots Kr,s.
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The physical annulus kernel — in which all fractional windings are removed —
can again be realized by summing up the auxiliary kernels according to
Br,s(α1, α2;Q)dα1dα2 =
r∑
k,ℓ=1
B(k,ℓ)r,s (ζ1, ζ2;Q)dζ1dζ2 , αµ = (ζµ)
r , µ = 1, 2 .
(2.12)
In the Section 3, we demonstrate that the topological recursion of Eynard and Orantin
applies directly to the spectral curve arising from the physical superpotential (2.10)
together with the physical annulus kernel (2.12), without the need to remove any
auxiliary fractional winding in the calculated amplitudes.
2.3 Spectral curves and augmentation varieties for torus knots
The construction of the physical superpotential (2.9) of torus knots allows us to also
construct a physical spectral curve from the auxiliary spectral curve (2.5). In ref. [25]
we have observed that the physical superpotential (2.10) for torus knots is given by
Wr,s(α;Q) =
∫
dα
α
log β(α) , (2.13)
where the series expansion β(α) again arises from a (unique) curve Cr,s given by the
zero locus of the polynomial Fr,s(α, β;Q) in the coordinates (α, β) ∈ C∗
2. As the
physical spectral curve Cr,s generates the disk instantons of the physical superpo-
tential [22, 23, 25], it is the moduli space of the Lagrangian probe branes Lr,s [13].
Furthermore, the curve Cr,s is shown in various examples to coincide with the aug-
mentation variety of the differential graded algebra in knot contact homology [16–20].
This correspondence — namely the identification of the probe brane moduli space
with the augmentation variety of the differential graded algebra in knot contact ho-
mology — is expected to hold for knots in general, i.e., even beyond the class of torus
knots [22].
As the physical superpotential (2.13) of torus knots is encoded in the auxiliary
superpotentials (2.7), we can calculate the physical spectral curve Cr,s from the aux-
iliary spectral curve (2.5). In order to remove the unphysical fractional contributions
W
(k)
r,s , we first consider the ideal generated by r copies of the auxiliary spectral curves
hr,s(ζ, ρ
(k);Q), k = 1, . . . , r, in terms of the C∗ variables ζ, ρ(1), . . . , ρ(r), together with
the relations
α = ζr , β = (−1)r+1ρ(1) · . . . · ρ(r) , (2.14)
for the additional C∗-variables α, β. We have encountered the first relation already in
the previous section, while the second relation arises from matching the two expres-
sions of the physical superpotential (2.9) and (2.13).6
6The sign (−1)r+1 is chosen to match the conventions of ref. [25], and it only introduces a trivial
constant shift in the physical superpotential Wr,s.
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To arrive at the physical superpotential, it is crucial that all the r distinct implicit
solutions ρ(k)(ζ) appear in the sum (2.9). This ensures that only integral windings
in the physical open-string coordinate α appear in (2.10). This can be achieved by
enlarging the ideal such that the zero locus of the ideal consists only of those points,
which correspond to distinct implicit solutions ρ(k)(ζ). The resulting enlarged ideal
then becomes
Îr,s =
〈
α− ζr, β + (−1)rρ(1) · · · ρ(r)
〉
∪
( ⋃
1≤k1<...<ki≤r
〈
hr,s(ζ, ρ
(k1), . . . , ρ(ki);Q)
〉)
,
(2.15)
where the polynomials hr,s(ζ, ρ
(k1), . . . , ρ(ki);Q) are symmetric in the variables ρ(k).
Starting from the auxiliary unknot equations hr,s(ζ, ρ
(k);Q), k = 1, . . . , r, they are
recursively defined by
hr,s(ζ, ρ
(k1), . . . , ρ(ki);Q) ≡∑
1≤n<m≤i
hr,s(ζ, ρ
(k1), . . . , ρ̂(kn), . . . , ρ(ki);Q)− hr,s(ζ, ρ(k1), . . . , ρ̂(km), . . . , ρ(ki);Q)
ρ(kn) − ρ(km)
,
(2.16)
where ρ̂(kn) indicates the omission of the variable ρ(kn). Due to taking differences of
the defining unknot equations and by dividing out factors ρ(ki) − ρ(kj), i 6= j, the
ideal Îr,s, that is to say the zero locus of Îr,s, does not contain any of the unwanted
points that correspond to non-distinct implicit solutions ρ(k)(ζ). Thus the physical
spectral curve Cr,s, furnishing the moduli space of the probe brane Lr,s is given by the
elimination ideal
Ir,s = Îr,s ∩ C(Q)[α, β] ⊂ C(Q)[α, β] , (2.17)
in the polynomial ring C(Q)[α, β] over the extension field C(Q) of C. It is generated
by the augmentation polynomials Fr,s(α, β;Q) of the differential graded algebra of
knot contact homology
Ir,s =
〈
Fr,s(α, β;Q)
〉
. (2.18)
Alternatively, the ideal Ir,s can be thought of as the elimination ideal arising from
the ideal generated by all symmetric sums of the generators hr,s(ζ, ρ
(k1), . . . , ρ(ki);Q).
These generators then provide for relations
R(k)r,s (ζ, S
(1), . . . , S(r), β) = 0 , k = 1, . . . , r , (2.19)
in terms of the elementary symmetric functions S(j) in the variables ρ(k). These
relation allows us to eliminate the variables ρ(k) in favor of β. By additionally replacing
ζ in favor of α, we arrive at the physical spectral curve ideal Ir,s.
The latter point of view also allows us to get a handle on the physical annulus
kernel (2.12) in terms of the variables (α1, β1, α2, β2). By construction the kernel (2.12)
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can be written as a rational function in the elementary symmetric polynomials S
(k)
µ ,
µ = 1, 2, where the index µ labels the two sets of variables ρ
(k)
µ , µ = 1, 2. Then using
the symmetric relations (2.19) together with the relations for αµ, µ = 1, 2, for both
sets of variables, we obtain the physical annulus kernel (2.12) as a rational function
of (α1, β1, α2, β2), i.e.,
Br,s(α1, β1, α2, β2;Q)dα1dα2 =
Nr,s(α1, β1, α2, β2;Q)
Dr,s(α1, β1, α2, β2;Q)
dα1dα2 , (2.20)
in terms of the polynomials Nr,s(α1, β1, α2, β2;Q) and Dr,s(α1, β1, α2, β2;Q). Note that
since the physical annulus kernel is defined for points (αµ, βµ) on the curve Cr,s, a given
rational function Nr,s/Dr,s is not a unique representative of this kernel, but instead
two representatives Nr,s/Dr,s and N˜r,s/D˜r,s give rise to the same kernel, if they are
related by
r ·Nr,s +
∑
µ pµ · Fr,s(αµ, βµ;Q)
r ·Dr,s +
∑
µ qµ · Fr,s(αµ, βµ;Q)
=
r˜ · N˜r,s +
∑
µ p˜µ · Fr,s(αµ, βµ;Q)
r˜ · D˜r,s +
∑
µ q˜µ · Fr,s(αµ, βµ;Q)
(2.21)
with some Q-dependent polynomials pµ, p˜µ, qµ, q˜µ, r, r˜ of (α1, β1, α2, β2). Finding a nice
representative in practice — i.e., finding a representative of low degree in variables αµ
and βµ — is often a cumbersome and challenging task.
Geometrically, the physical annulus kernel (2.20) is a meromorphic bi-differential
on the product of two physical spectral curves Cr,s × Cr,s. Along the diagonal curve
Cdiagr,s ⊂ Cr,s×Cr,s, it develops a double pole, which — expressed in the local coordinates
(α1, α2) — takes in the vicinity of Cdiagr,s the characteristic form
Br,s(α1, β(α1), α2, β(α2))dα1dα2 =
r dα1dα2
(α1 − α2)2
+ . . . , (2.22)
where ‘. . .’ refers to regular terms. This can readily be seen because each diagonal
summand B
(k,k)
r,s in the sum (2.12) contributes a double pole (ζ1 − ζ2)
−2dζ1dζ2, which
(up to regular terms) corresponds to a double pole (α1 − α2)−2dα1dα2 in the local
coordinates (α1, α2). This observation allows us to define the calibrated annulus kernel
B̂r,s(α1, β1, α2, β2)dα1dα2 =
(
Br,s(α1, β1, α2, β2;Q)−
(r − 1)
(α1 − α2)2
)
dα1dα2 . (2.23)
with the leading order behavior
B̂r,s(α1, β(α1), α2, β(α2))dα1dα2 =
dα1dα2
(α1 − α2)2
+ . . . , (2.24)
along the diagonal curve Cdiagr,s .
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There are several reasons for introducing the calibrated annulus kernel (2.23).
First, we note that the calibration of the double pole along the diagonal curve does
not modify the open-string invariants of the brane Lr,s. But in addition, the calibra-
tion renders the kernel B̂r,s symmetric under the exchange of the integers r and s,
which is natural as both branes Lr,s and Ls,r describe the same torus knot. More-
over, this calibration choice coincides with the calibration of the Klein bi-differential
associated to the spectral curve Cr,s, which is a symmetric meromorphic bi-differential
on the product Cr,s × Cr,s that is regular expect for a double pole with coefficient one
along the diagonal curve Cdiagr,s [34, 35]. Finally, it is only the calibrated kernel B̂r,s
that transforms covariantly under framing transformations α → αβf . While these
arguments are of a somewhat heuristic nature, we will show in Section 3 that the
calibrated annulus kernel (2.23) is indeed the correct choice to define a consistent
topological recursion.
Let us also mention that the Bergman kernel — usually to be used in the context
of the topological recursion — is a particular Klein bi-differential with the additional
property that all its integrals over A-cycles with respect to a symplectic basis of one-
cycles of H1(Cr,s,Z) vanish [11,36]. Therefore, it is tempting to identify the calibrated
annulus kernel (2.23) with a Klein bi-differential or even the Bergman kernel. However,
analyzing in detail the pole structure of the calibrated annulus kernel — as we will do
in Section 3 — reveals that the calibrated annulus kernel has additional poles apart
from the double pole along the diagonal curve Cdiagr,s ⊂ Cr,s × Cr,s.
We believe that the emergence of additional poles indicates non-trivial short dis-
tance interactions among branes located at different points on the physical spectral
curves Cr,s. Such phenomena do not occur if the mirror curve coincides with the
physical spectral curve of the brane, because then distinct points on the physical
spectral curve of the brane — that is to say distinct points on the mirror curve —
are automatically spatially separated. The latter situation occurs in particular for the
mirror-symmetric description of toric non-compact Lagrangian branes in local toric
Calabi–Yau threefolds as introduced in refs. [13,14]. In this case the Bergman kernel is
indeed a natural candidate for the generating function of the annulus instantons [10].
2.4 Simple examples
Let us illustrate the relationship between the the auxiliary spectral curves (2.5) and
the physical spectral curve (2.18) by a few examples. To this end, we first illustrate
the construction with the torus knot K2,1, which is just the unknot at framing f = 2.
Then the ideal Î2,1 is generated by
Î2,1 =
〈
α− ζ2, β + ρ(1)ρ(2), h2,1(ζ, ρ
(1);Q), h2,1(ζ, ρ
(2);Q), h2,1(ζ, ρ
(1), ρ(2);Q)
〉
,
(2.25)
12
with
h2,1(ζ, ρ
(1), ρ(2);Q) =
h2,1(ζ, ρ
(1);Q)− h2,1(ζ, ρ
(2);Q)
ρ(1) − ρ(2)
= −Q(ρ(1) + ρ(2))− ζ
(
1 + ρ(1)ρ(2) − (ρ(1) + ρ(2))2
)
.
(2.26)
The last polynomial together with the definition of α and β allows us to eliminate
from the sum h2,1(ζ, ρ1;Q) + h2,1(ζ, ρ2;Q) the variables ρ1 and ρ2 so as to arrive at
the elimination ideal
I2,1 =
〈
(1−Qβ)− αβ2 (1− β)
〉
, (2.27)
which reproduces the spectral curve of unknot (2.1) at framing f = 2. Furthermore,
the physical annulus kernel is generated by
B2,1(ζµ, ρ
(1)
µ , ρ
(2)
µ ;Q)dα1dα2 =
2∑
k,ℓ=1
ρ
(k)
1 ρ
(ℓ)
2
ζ1ζ2(ρ
(k)
1 −ρ
(ℓ)
2 )
2
·
h
(1,0)
2,1 (ζ1,ρ
(k)
1 ;Q)h
(1,0)
2,1 (ζ2,ρ
(ℓ)
2 ;Q)
h
(0,1)
2,1 (ζ1,ρ
(k)
1 ;Q)h
(0,1)
2,1 (ζ2,ρ
(ℓ)
2 ;Q)
dα1dα2 ,
(2.28)
where h
(1,0)
2,1 and h
(0,1)
2,1 are the derivatives of the auxiliary unknot curves (2.5) with
respect to the first and second argument, which appear to express the derivatives
ρ
(k)
µ
′(ζ) in eq. (2.11) algebraically in terms of the variables ζk and ρ
(k)
µ . By construction
the kernel B2,1(ζµ, ρ
(1)
µ , ρ
(2)
µ )dα1dα2 is a symmetric rational function in the variables
ρ
(1)
µ and ρ
(2)
µ for both µ = 1, 2, respectively. Therefore, with the help of the relations
ρ(1)µ + ρ
(2)
µ = −
1−Qβµ
ζµ βµ
, ρ(1)µ ρ
(2)
µ = −βµ , ζ
2
µ = αµ , µ = 1, 2 , (2.29)
for the elementary symmetric polynomials in ρ
(k)
µ and for ζµ (arising from the ideal
Î2,1), we eliminate the variables ρ
(k)
µ and ζµ, and obtain the physical annulus kernel
as a rational function in αµ and βµ. Keeping in mind that the variables reside on the
unknot spectral curve F2,1(αµ, βµ;Q) = 0, we arrive with a few steps of algebra at the
final expression for the calibrated annulus kernel
B̂2,1(αµ, βµ;Q)dα1dα2 =
1
(β1 − β2)2
F
(1,0)
2,1 (α1, β1;Q)F
(1,0)
2,1 (α2, β2;Q)
F
(0,1)
2,1 (α1, β1;Q)F
(0,1)
2,1 (α2, β2;Q)
dα1dα2 , (2.30)
which — as expected — coincides with the Bergman kernel of the unknot in the
framing f = 2.
As our second example, we analyze the torus knot K2,3, which is the trefoil knot
represented in framing f = 6 by the ideal Î2,3, which is generated by
Î2,3 =
〈
α− ζ2, β + ρ1ρ2, h2,3(ζ, ρ1;Q), h2,3(ζ, ρ2;Q), h2,3(ζ, ρ1, ρ2;Q)
〉
, (2.31)
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(a) (b) (c)
Figure 1: In figure (a) we depict the trefoil knot. As the trefoil is a torus knot, it
can be drawn on the surface of a two-dimensional torus embedded in S3. Either the
trefoil winds around the small circle twice — as in figure (b) — or three times — as
in figure (c). These two choices map to the (equivalent) representations K2,3 and K3,2
of the trefoil, respectively.
with polynomials h2,3(ζ, ρ1, ρ2;Q) defined in eq. (2.16). We calculate the elimination
ideal I2,3 with the help of the computer algreba system Singular [37], and we find
that it is generated by the polynomial
F2,3(α, β;Q) = 1−Qβ + αβ
3
(
1− β + 2β2 − 2Qβ2 −Qβ3 +Q2β4
)
− α2β9(1− β) .
(2.32)
Note that the curve F2,3(α, β;Q) = 0 describes the open-string moduli space of the
Lagrangian probe brane L2,3 in framing f = 6 [23, 25]. Furthermore, after changing
to zero framing, it coincides with the augmentation variety of the differential graded
algebra of the knot contact homology of the trefoil knot K2,3 [18].
Alternatively, we can model the trefoil knot by exchanging the integers (r, s) =
(2, 3) to (r, s) = (3, 2). Then the ideal Î3,2 is generated by
Î3,2 =
〈
α− ζ3, β − ρ1ρ2ρ3, h3,2(ζ, ρ1;Q), h3,2(ζ, ρ2;Q), h3,2(ζ, ρ3;Q),
h3,2(ζ, ρ1, ρ2;Q), h3,2(ζ, ρ1, ρ3;Q), h3,2(ζ, ρ2, ρ3;Q),
h3,2(ζ, ρ1, ρ2, ρ3;Q) 〉 ,
(2.33)
with its generators recursively defined in eq. (2.16). While the ideals Î2,3 and Î3,2 are
rather distinct, by employing again the computer algebra system Singular [37], we
find that the elimination ideal I3,2 is generated by the same polynomial (2.32), i.e.,
I2,3 = I3,2 . (2.34)
This is in agreement with the fact that both torus knots K2,3 and K3,2 represent the
trefoil (in framing f = 6) as depicted in Figure 1. Hence, also the moduli spaces of
their Lagrangian probe branes L2,3 and L3,2 ought to be equivalent. The resulting
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agreement (2.34) — which holds more generally for the two realizations Kr,s and Ks,r
of torus knots — serves as a non-trivial check of our proposal for the physical spectral
curve of torus knots. This issue is discussed further in the next subsection.
Using the general formula (2.12), we can also determine the physical and the cal-
ibrated annulus kernel for the trefoil torus knot. The resulting kernels are rather
long and not very illuminating. However, as we demonstrate the topological recur-
sion, which we introduce in Section 3, at the example of the trefoil knot explicitly,
the calibrated annulus kernel is required for carrying out our example computations.
Therefore, for reference and for completeness the annulus kernels of trefoil are listed
in Appendix A.
Expanding the constructed calibrated annulus kernel in α1 and α2, after rescaling
αµ 7→ Q5αµ, µ = 1, 2, we read off the annulus instanton numbers of the trefoil knot
K2,3 in framing 6 from the expansion
B̂2,3(α1, α2)dα1dα2 =
dα1dα2
(α1 − α2)2
+ dα1dα2
[
60− 144Q+ 117Q2 − 36Q3 + 3Q4
+ (1680− 6048Q+ 8568Q2 − 6020Q3 + 2160Q4 − 360Q5 + 20Q6)(α1 + α2)
+ (45045− 216216Q+ 436293Q2 − 479952Q3 + 311850Q4
− 120960Q5 + 26838Q6 − 3024Q7 + 126Q8)(α21 + α
2
2)
+ (52920− 254016Q+ 512736Q2 − 564480Q3 + 367290Q4
− 142800Q5 + 31800Q6 − 3600Q7 + 150Q8)α1α2 + . . .
]
,
(2.35)
which agrees with the results for the trefoil knot presented in ref. [15]. Guided by
ref. [28], we also calculated for some low degrees and windings the annulus instanton
numbers in Appendix B explicitly. Comparing eq. (2.35) with numbers listed in (B.12)
we observe the expected agreement.
2.5 Knot spectral curves and augmentation varieties
Using the results of Brini–Eynard–Marin˜o [15], we have constructed the augmentation
polynomial Fr,s(α, β;Q), which describes the physical spectral curve Cr,s of the brane
Lr,s associated to the torus knot Kr,s. The concept of knot augmentation polynomials
actually arises from the differential graded algebra of the knot contact homology of a
knot K in R3 [16–20], which amounts to calculating the (quantum) moduli space of
the Lagrangian brane L of the knot directly in the A-model [22].
For later reference, we briefly summarize a few aspects of augmentation varieties
from differential graded algebra in knot contact homology. Each knot K embedded
in R3 can be extended to a Legendrian submanifold ΛK in the (five-dimensional)
unit conormal bundle ST ∗R3. For the knot K the Legendrian submanifold ΛK has
the topology of a two-torus, and therefore the relative homology H2(ΛK, ST
∗R3) ≃
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H1(ΛK)⊕H2(ST ∗R3) is generated by the one-cycles α, β ofH1(ΛK) and the two-cycleQ
of H2(ST
∗R3) generating the S2-fiber of the conormal bundle ST ∗R3.7 Furthermore,
the Legendrian submanifold ΛK associates to the knot K a (non-commutative) differ-
ential graded algebra (AK, ∂) over the ring Z[α±1, β±1, Q±1]. The homology HC∗(K)
of this differential graded algebra refers to the knot contact homology of K. An
augmentation of the differential graded algebra over the field C is a graded ring ho-
momorphism ǫ : A → C with ǫ(1) = 1 that maps all boundaries to zero, i.e., ǫ◦∂ = 0.
Finally, the knot augmentation variety AugK(α, β;Q) is the variety of all augmenta-
tions, which describes a variety in Hom(Z[α±1, β±1, Q±1],C) ≃ (C∗)3. For the precise
definitions and for further details on aspect of augmentation varieties from contact
knot homology, we refer the interested reader to refs. [16–20, 22, 38].
It follows that augmentation varieties AugK(α, β;Q) in codimension one in (C
∗)3
can be represented by an augmentation polynomial F˜K(α, β;Q),
8 which we view here
as the generator of an ideal IK in the polynomial ring C(Q)[α, β]. Furthermore,
Aganagic, Ekholm, Ng and Vafa [22] propose that the augmentation polynomial
F˜K(α, β;Q) describes the physical spectral curve of the moduli space of the Lagrangian
brane LK.
Using refs. [15, 25], we have proposed in this work an independent construction
for the physical spectral curve of torus knots, which implies that the augmentation
polynomial Fr,s(α, β;Q) in eq. (2.18) ought to be identical to the augmentation poly-
nomial F˜r,s(α, β;Q) of torus knots Kr,s (calculated in the framing r ·s). This is indeed
confirmed by checking many explicit examples of torus knots (see also ref. [25]). Thus
we conjecture for all torus knots Kr,s the equivalence
Fr,s(α, β;Q) ≡ F˜r,s(α, β;Q) , (2.36)
This agreement furnishes a non-trivial check both on the physical interpretation of
augmentation varieties put forward in refs. [22, 23] and on the construction of the
physical spectral curve of this work, and it sheds light on both approaches. From
the differential graded algebra point of view the calculation of the augmentation va-
riety AugK(α, β;Q) — i.e., the computation of the physical spectral curve — is not
limited to torus knots. The braid representation of any knot K directly results in
the associated differential graded algebra (AK, ∂) and hence the augmentation variety
AugK(α, β;Q) [21]. On the other hand, the concatenation of fractional unknot spec-
tral curves canonically yields the calibrated annulus kernel generating the annulus
instantons. Therefore, it would be interesting to generalize this method beyond the
class of torus knots. We hope to come back to this issue elsewhere.
7Here, α, β and Q are viewed as multiplicative generators of the homology group H2(ΛK, ST
∗R3).
These generators are related to the generators λ, µ and U of ref. [19] according to (F.1).
8The augmentation polynomial F˜K(α, β;Q) is actually only defined up to multiplications by
c αnβmQp with c ∈ C, n,m, p ∈ Z, that is to say up to multiplications by units. We use this
ambiguity to represent the augmentation polynomial as a Q-dependent polynomial in the variables
α and β with a constant term normalized to one.
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2.6 Phase transitions and stretched annulus instantons
As shown in refs. [19, 21], the augmentation varieties AugK(α, β;Q) and hence the
physical spectral curves have an involutive symmetry ι, which maps the algebraic C∗
coordinates according to9
ι : α 7→
Qf−1
α
, β 7→
1
Qβ
, (2.37)
where f refers to the framing of the knot K.
The existence of this involution has interesting physical consequences for the phase
structure of the probe branes LK. Since, the vicinity (α, β) = (0, Q−1) of the physical
spectral curve describes the probe brane LK in the large volume regime of the resolved
conifold, it implies that also the image brane ι∗LK in the vicinity (α, β) = (∞, 1) is a
large volume brane of the resolved conifold. Note that these two points in the brane
moduli space are not continuously connected within a single large volume phase.
Hence, moving the large volume brane LK continuously to the large volume brane
ι∗LK indicates a phase transition in the open-string moduli space along such a path.
As both branes LK and ι∗LK are large volume branes, the annulus amplitude
between these two branes is generated by annulus instantons stretching between them.
We also refer to these instantons as the stretched annuli. In practice, the stretched
annulus instanton numbers are obtained by expanding the calibrated annulus kernel
B̂L(α1, β1, α2, β2)dα1dα2 (which is a bi-differential on the product C×C of the physical
spectral curve) about the large volume points of the brane LK and ι∗LK in the two
spectral curve factors C, respectively. That is to say, the expansion of the calibrated
annulus kernel
B̂L(α1, β1, α2, β2)dα1dα2 = B̂L(α1, β(α1), α˜2, β(α˜2))dα1dα˜2 , (2.38)
about the coordinates α1 and α˜2 with α˜2 = ι(α2) =
Qf−1
α2
(and dα2 = ι
∗dα2) yields
the stretched annulus numbers.
In particular for the trefoil torus knots, the explicit stretched annulus numbers (in
framing f = 6) after rescaling α1 7→ Q
5α1, α˜2 7→ Q
5α˜2 read
B̂2,3(α1, β(α1), α˜2, β(α˜2))dα1dα˜2 = dα1dα˜2
[
− 9Q+ 16Q2 − 9Q3 +Q4
+ (−168Q+ 504Q2 − 576Q3 + 300Q4 − 60Q5)(α1 + α˜2)
+ (−3861Q+ 16236Q2 − 28215Q3 + 25920Q4
− 13230Q5 + 3528Q6 − 378Q7)(α21 + α˜
2
2)
+ (−3136Q+ 13230Q2 − 23040Q3 + 21280Q4 − 11088Q5
+ 3150Q6 − 400Q7 + 2Q8)α1α˜2 + . . .
]
.
(2.39)
9Note that for the choice of the algebraic C∗ coordinates used for the unknot spectral curve (2.1),
this involutive symmetry is a bit modified, i.e., α 7→ Qf+1/α and β 7→ 1/(Qβ). However, the other
augmentation polynomials stated in this work conform with the involutive symmetry of eq. (2.37).
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betweeen LK and ι∗LK
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conifold
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the Lag. LK
Lag. LK
Lag. ι∗LK
Figure 2: The dashed red lines schematically indicate two sets of branes LK and
ι∗LK in the resolved conifold. The blue line symbolizes an annulus instanton with
both boundaries on the brane LK. The green segment shows an annulus amplitude
stretching between the branes LK and ι∗LK.
We observe that there is no leading classical term and all stretched annuli contain
at least one power of Q, which is the exponentiated complexified volume (2.2) of the
one-cycle P1 of the resolved conifold. Thus, the tension of all annulus instantons scales
with the volume of the compact cycle of the resolved conifold, which confirms that the
two branes L2,3 and ι∗L2,3 are indeed spatially separated and reside in two distinct
large volume phases.
In order to shed more light on the geometry of the two branes LK and ι∗LK, we
trace the involution (2.37) on the physical spectral curve to the resolved conifold.
Recall that a priori the physical spectral curve is a concept in the topological B-
model, while the description of the Lagrangian brane LK arises in the topological
A-model. Thus tracing the involution of the physical spectral curve to the resolved
conifold amounts to tracing the involution through the local mirror map. The mirror
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geometry of the resolved conifold is described by [13, 14]
uv = y1 + y2 + y3 + y4 , y1y2 = Qy3y4 , (2.40)
where u, v ∈ C, and yi, i = 1, . . . , 4, are the homogeneous coordinates subject to
the constraint in (2.40). The latter coordinates relate to the toric coordinates Xi,
i = 1, . . . , 4, of the toric skeleton of the resolved conifold according to yi = log |Xi|
2
as depicted in Figure 2. To describe the augmentation polynomial of the brane LK in
the large volume regime, we need to trace the corresponding large volume point to the
resolved conifold. For instance, we choose the patch y4 6= 0 and define the C
∗ variables
α = −y1
y4
and β = − y2
Qy4
. We notice that with this definition of local coordinates, we
find the mirror spectral curve (2.1) (with f = 0). In order to geometrically interpret
the stretched annuli numbers, we also need to identify the image of the large volume
point of the brane LK with respect to the involution ι. To this end we notice that the
involution ι maps the local patch (α, β) to the local patch (α˜, β˜) given by α˜ = −y2
y3
and
β˜ = − y1
Qy3
.10 This justifies the location of the branes LK and ι∗LK as schematically
summarized in Figure 2. Note that we have used here that the involution ι is both
a symmetry of the mirror spectral curve and the physical spectral curve of LK as
described by the augmentation polynomial. For the unknot these two notions become
the same.
Such stretched amplitudes play a decisive role for topological open-string am-
plitudes of orientifolds, where they become covering contributions to the orientifold
amplitudes. In the context of local toric Calabi–Yau orientifolds with Harvey–Lawson
branes such covering amplitudes are computed in refs. [39–41]. For orientifolds of
the conifold the composite representations of quantum groups encode these covering
amplitudes [42].
With this geometric understanding, we can now check the proposed stretched an-
nulus numbers (2.39) for the trefoil knot K2,3 (and in principal also for other torus
knots Kr,s), explicitly. Implementing the brane L2,3 and the image brane ι∗L2,3 into
the localization calculation for torus knots as discussed in Appendix B along the
lines of ref. [28], we calculated the stretched annulus numbers for the trefoil knot
for some low windings explicitly as listed in (B.12), and we find perfect agreement
with (2.39). Furthermore, we also extracted the stretched annulus amplitude num-
bers in Appendix C from quantum groups in composite representations. Again, by
comparing (2.39) with the end result (C.17) for the trefoil knot (with framing f = 6),
we find perfect agreement.
Apart from demonstrating that the calibrated annulus kernel also encodes the
stretched annuli numbers, which as shown in ref. [42] and in Appendix C interestingly
relate to composite representations of quantum groups, the presented comparison
serves as a non-trivial check on the validity of the calibrated annulus kernel. Since one
10Recall that the involution is rescaled for the curve (2.1) according to footnote 9.
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of the expansion points is mapped by the involution ι to different point on the physical
spectral curve, the extracted numbers (2.39) probe the global analytic structure of the
calibrated annulus kernel in Appendix A. In particular, it confirms the calibration
of the annulus kernel, which has been introduced somewhat ad hoc in eq. (2.23).
The calibration condition is indeed crucial to extract the stretched annulus instanton
numbers correctly.
3 Topological recursion on augmentation curves
Guided by the Rosso–Jones identity for quantum groups of torus knots [33] and based
on the remodelled B-model [9, 10], Brini, Eynard and Marin˜o successfully apply a
topological recursion to the spectral curve (2.5) associated to probe branes of torus
knots [15]. As already indicated in Section 2, at each stage in this recursion the
construction yields fractional winding contributions in the algebraic brane modulus.
Furthermore, it seems difficult to generalize this recursion — which is intimately
based on the spectral curve (2.5) — beyond the class of torus knots. To address these
two points, we discuss in this section the methods to apply the topological recursion
based on the remodelled B-model directly to the augmentation variety of knot contact
homology [16–20], which can be constructed for any given knot. Although currently
our techniques can only be carried out explicitly for torus knots as well, we believe that
in principal the computational scheme based on augmentation varieties is applicable
beyond the class of torus knots.
The topological recursion of the remodelled B-model is suitable to describe toric
branes in local Calabi–Yau geometries, for which its validity has been shown in
ref. [43]. However, the branes associated to knots and described by augmentation
varieties, generically generalize the class of toric branes in the context of the resolved
conifold. Therefore, it is legitimate to further modify the recursion of the remodelled
B-model, as we do here. A crucial step in this modification is to replace the Bergman
kernel — a basic ingredient in the ordinary topological recursion — by the calibrated
annulus kernel of the knot, as constructed for torus knots in Section 2.2. We argue that
the proposed adaption of the recursion to the setting of knot augmentation varieties
is consistent, and more importantly it produces the correct correlation functions.
Since the work of Aganagic and Vafa [23], a puzzle is whether or in what sense
the augmentation variety describes the closed-string sector of the resolved conifold.
We address this question by computing explicitly the first two orders in the string
coupling constant of the free energy. This is achieved by adopting the new viewpoint
towards free energies in the context of topological recursion [26] to our proposal of
the modified recursion. In particular, we show that (the third derivative of) the genus
zero contribution to the free energy of the resolved conifold can be computed directly
from the augmentation variety of the knot without the knowledge of the annulus
kernel, which at present we only know how to construct for torus knots. In this way,
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we correctly reproduce the genus zero part of the free energy from the augmentation
varieties of both torus and non-torus knots.
This section is structured as follows. In Section 3.1 we start with a brief review
on the key ingredients of the topological recursion of the remodelled B-model, and we
give computational definitions of F (0) and F (1) in the context of remodelled B-model,
which have not been spelt out in ref. [10].
In Section 3.2 we consider the application of (modified) B-model remodelling to
knot augmentation varieties. Section 3.2 begins with the argument of why one cannot
use the standard Bergman kernel of knot augmentation varieties in order to compute
the correlation differentials, and the rationale behind the construction of the calibrated
annulus kernel. The next two subsections are concerned with the consistency of the
modified B-model modelling. In Section 3.2.1 we analyze the physical annulus kernel
and justify its calibration, and Section 3.2.2 shows that the definition of free energies
based on the variational formula is still valid.
Section 3.3 contains our main results. After explaining in Section 3.3.1 the tech-
niques we use to facilitate the computation of correlation functions, we present in
Section 3.3.2 the planar three-point function, the genus one one-point function, as
well as the genus one free energy computed from the augmentation variety of the
trefoil knot. We show that our results are consistent with the knot invariants arising
from colored HOMFLY polynomials of trefoil. In Section 3.3.3 we show the remarkable
fact that (the derivative of) the planar free energy computed from the augmentation
variety of any knot is consistent with the free energy of the conifold resolution.
3.1 The remodelled B-model in a nutshell
We first review the key ingredients of the topological recursion of the remodelled
B-model [10], which realizes a local mirror B-model description of toric branes in
non-compact toric Calabi–Yau threefolds. The remodelling is based on the original
topological recursion developed by Eynard and Orantin, and we refer the reader for
further details to refs. [11, 44].
Given a spectral curve C in C∗ × C∗ defined as the zero locus of a polynomial
F (α, β), one can extract three sets of information
• the ramification points ai with respect to the projection on the α-plane given in
terms of the zeros of dα(p)/α(p) (which form a subset of the zeros of dα);
• the canonical meromorphic one-form ω(0)(p) = Θ(p) = log β(p)dα(p)/α(p);
• and the Bergman kernel ω(0)2 (p1, p2) = B(p1, p2) associated to the Riemann
surface [36],11 which is a suitable compactification of the spectral curve C;
11For ease of notation, in the following we often absorb the differentials of forms into their name,
e.g., for the Bergman kernel we write B(p1, p2) instead of B(p1, p2)dα(p1)dα(p2).
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where p, p1 and p2 denote points on the spectral curve C.
One can then compute an infinite series of stable correlation differentials ω
(g)
n (p1, · · · , pn)
with 2g − 2 + n > 0 by the recursive equation12
ω
(g)
n+1(p, p1, · · · , pn) =
∑
i
Res
q→ai
K(p, q)
(
ω
(g−1)
n+2 (q, q¯, J)
+
g∑
h=0
′∑
I⊂J
ω
(h)
|I|+1(q, I)ω
(g−h)
n−|I|+1(q¯, J\I)
)
.
(3.1)
Here J is the set of points p1, · · · , pn and (I, J\I) is a two-part partition of the set J .
The symbol
∑′
means the exclusion of (h, I) = (0,∅) as well as (g, J). The point q¯
is the conjugate point of q near the simple ramification point ai. The recursion kernel
K(p, q) is constructed from B(p, q) and Θ(q) as
K(p, q) = −
1
2
∫ q
q′=q¯
B(p, q′)
Θ(q)−Θ(q¯)
. (3.2)
For instance, the genus one one-point correlation differential is computed by
ω
(1)
1 (p) =
∑
i
Res
q→ai
K(p, q)B(q, q¯) , (3.3)
and the genus zero three-point correlation differential reads
ω
(0)
3 (p1, p2, p3) =
∑
i
Res
q→ai
B(p1, q)B(p2, q)B(p3, q)α(q)β(q)
dα(q)dβ(q)
=
∑
i
B(p1, ai)B(p2, ai)B(p3, ai)α(ai)β(ai)
d2α(ai)/dβ2
,
(3.4)
where B(p1, ai) =
B(p1,q)
dβ(q)
|q→ai. Note the only unstable correlation differentials are
ω
(0)
1 (p) and ω
(0)
2 (p1, p2), which are given by Θ(p) and B(p1, p2), respectively.
As proved in ref. [10], the integrated correlation functions A
(g)
n =
∫
ω
(g)
n (p1, · · · , pn)
expressed in flat open and closed coordinates calculate open n-point functions of the
mirror topological A-model that are generated by open instantons at genus g. In par-
ticular, the disk instanton amplitude A
(0)
1 , namely the disk-generated superpotential
W (p), and the annulus instanton amplitude A
(0)
2 are given by
A
(0)
1 (p) =
∫
Θ(p) =
∫
log β(p)
dα(p)
α(p)
, (3.5)
A
(0)
2 (p1, p2) =
∫ (
B(p1, p2)−
dp1dp2
(p1 − p2)2
)
. (3.6)
12This formalism is valid if the spectral curve has only simple ramification points. Suitable for-
malisms for arbitrary ramification points have been developed in [45,46]. However, since we will only
encounter simple ramification points in our computations, we do not need such extension here.
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The free energies F (g), however, cannot directly be computed from (3.1). Instead
we advocate the viewpoint towards free energies proposed in [26] based on the general-
ization of the variational formula for the correlation differentials, which in turn is the
generalization of the loop insertion operator in the matrix model [11,44]. In this way
we can give definitions of (derivatives of) F (0) and F (1) in the remodelled B-model.
The variation of the spectral curve caused by the variation of some complex structure
parameters of the spectral curve induces the variation of the canonical 1-form Θ(q)
Ω(q) := δΩ log(β(q))|α(q)
dα(q)
α(q)
=
δΩ β(q)|α(q)dα(q)
α(q)β(q)
. (3.7)
Then the meromorphic one-form Ω(q) can serve equally well as the yet unspecified
variation parameters to characterize the variation of the spectral curve. Any mero-
morphic one-form can be decomposed into three pieces: a holomorphic differential, a
meromorphic differential with only simple poles, and a meromorphic differential with
only high order poles. Each piece can be obtained by the integration of the Bergman
kernel over some path with a suitable multiplier function (see for instance Section 4.3
of [44]). As a consequence, one can always find an integration path ∂Ω and a multiplier
function Λ(p) associated to the variation Ω(q) such that13
Ω(q) =
∫
∂Ω
B(p, q)Λ(p) . (3.8)
Then the stable correlation differentials ω
(g)
n (p1, . . . , pn) satisfy the following varia-
tional formulas [11, 44]
δΩω
(g)
n (p1, . . . , pn) =
∫
∂Ω
ω
(g)
n+1(p, p1, . . . , pn)Λ(p) , (3.9)
as shown by simply adapting the arguments in ref. [11] to the remodelled scenarios.
In the same spirit as in ref. [26], one can view the free energies F (g) as correlation
zero-forms ω
(g)
n=0 and define the free energies F
(g) in the remodelled B-model by
δΩF
(g) =
∫
∂Ω
ω
(g)
1 (p)Λ(p) for g ≥ 1 . (3.10)
Indeed this relation is consistent with the definition of the free energies F (g) for g ≥ 2
introduced in ref. [10].
The variational principle allows us to define the genus zero and genus one free
energies F (0) and F (1) as well. The (third derivative of the) planar free energy F (0)
becomes
δΩiδΩjδΩkF
(0) =
∫
∂Ωi
Λi(p1)
∫
∂Ωj
Λj(p2)
∫
∂Ωk
Λk(p3)ω
(0)
3 (p1, p2, p3) , (3.11)
13For different meromorphic one-forms Ω(q), examples of paths ∂Ω and multipliers Λ(p) can be
found in ref. [44].
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and using the identities (3.8) and (3.4) we arrive at
δΩiδΩjδΩkF
(0) =
∑
ℓ
Ωi(aℓ)Ωj(aℓ)Ωk(aℓ)α(aℓ)β(aℓ)
d2α(aℓ)/dβ2
. (3.12)
Note that the last expression does not depend on the Bergman kernel any more. This
is an important observation for us, as it allows us to compute the planar free energy
of the resolved conifold from any knot augmentation variety (without the knowledge
of the Bergman kernel).
The genus one free energy F (1) in the remodelled B-model is computed by inserting
ω
(1)
1 (p) of (3.3) into the variational formula (3.10). Then integrating with respect to
the variational parameters we arrive at the expression
F (1) =
1
24
ln
(
τ 12B
∏
i
β ′(ai)
β(ai)α(ai)
)
, (3.13)
where the product is over all the zeros of the meromorphic form dα/α. The Bergman
tau function τB is a function over the moduli space of the spectral curve C.
14 It is
characterized by the following property
∂ ln τB
∂α(ai)
= Res
q→ai
B(q, q¯)
dα
. (3.14)
β ′(ai) is the derivative with respect to the local coordinate zi in the neighborhood of
ai defined by
α = α(ai) + z
2
i . (3.15)
Note that the formula (3.13) is very similar to but slightly different from the F (1)
given in the original topological recursion [11, 44].
Inspired by the derivation of the planar free energy F (0), it turns out to be computa-
tionally more feasible to insert the expression (3.3) into the variational formula (3.10)
before carrying out the integral. Then δΩF
(1) becomes an expression only in terms of
α(q), β(q), B(p, q), and Ω(q):
δΩF
(1) =
1
2
∑
i
δΩ α(ai) · Res
q→ai
B(q, q¯)
dα(q)
+
∑
i
Ω′′β ′αβ2 + Ω(−β(3)αβ2 + 3β ′′β ′αβ − 2(β ′)3α + 6β ′β2)
96(β ′)2β
∣∣∣
q=ai
(3.16)
14To be precise, τB is a function on the Hurwitz space Hg,N which is the moduli space of branched
covering α : C → P1. The curve C has genus g and the meromorphic function α has degree N . Hg,N
is stratified according to poles and critical points of α. In a generic stratum, the Hurwitz space is
locally parametrized by the branch points α(ai). See for instance [47].
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Here we often use local coordinate zi in the neighborhood of the ramification points ai,
and then derivatives ′ are taken with respect to zi; in particular Ω
(k) = d
k
dzki
(
Ω(q)
dzi
)
.
Furthermore, the variation of the branch points δΩ α(ai) can be computed from the
definition of Ω(q) in the remodelled scenario as
δΩ α(ai) = −
α(q)β(q)Ω(q)
dβ(q)
∣∣∣
q=ai
. (3.17)
We should also mention that in the remodelled B-model the genus one free en-
ergy F (1) is often not invariant under the exchange of the algebraic coordinates α and
β, and as a consequence the projection coordinate has to be chosen properly. We
relegate the discussion of this technical issue to Appendix D.
3.2 Remodeled B-model for torus knot augmentation curves
Attempting to apply the topological recursion of the remodelled B-model on knot
augmentation curves, one immediately faces difficulties with the Bergman kernel.
The augmentation curves of nontrivial knots are usually of higher genus, and the
Bergman kernel of a curve of genus greater than zero is of a transcendental nature.
For instance, the augmentation polynomial F2,3(α, β;Q) of the trefoil knot describes
a Q-depend genus one curve. Its Bergman kernel is given by the Akemann kernel [48],
which involves elliptic functions of the parameter Q. On the other hand, the Bergman
kernel is supposed to be the generating function of the annulus instanton numbers.
Its expansion in terms of brane modulus α reads
B(p1, p2) =
dα1dα2
(α1 − α2)2
+ dα1dα2
(
p(2) + p(1,1)(α1 + α2) + p(0,2)α1α2 + . . .
)
. (3.18)
In this notation subscript vector ~k = (k1, k2, . . .) in p~k means that kj boundary compo-
nents of the instanton have winding number j. In particular, for the annulus instanton
numbers we have |~k| =
∑
i ki = 2. The coefficients p~k are proportional to the free
energies F0,~k(Q) with |
~k| = 2 according to
p~k =
∏
j
jkjF0,~k(Q) for |
~k| = 2 . (3.19)
Note that the prefactor
∏
j j
kj drops out after integrating the Bergman kernel to the
annulus amplitude as in (3.6). Furthermore, the large N duality relates the free energy
Fg,~k(Q) to the connected Wilson loop expectation values W
(c)
~k
(q, Q) [3, 6, 7]
∑
g=0
(−1)gg2g−2+|
~k|
s Fg,~k(Q) =
1∏
j j
kj
W
(c)
~k
(q, Q)
∣∣∣
q=egs
. (3.20)
25
In particular this implies that F0,~k(Q) = W
(c)
~k
(q, Q)/
∏
j j
kj |q=1 for |~k| = 2. So the
coefficients of the Bergman kernel in the expansion of α1, α2 are the same as the
expectation values W
(c)
~k
(q, Q) in the planar limit. Since W
(c)
~k
(q, Q) can be written as
polynomials in the HOMFLY polynomialsWKR (q, Q) of the knot describing the Wilson
loop [1], one is led to the contradictory conclusion that the Bergman kernel itself at
most can be a rational function of Q.
Nonetheless, one can assume that a non-trivial open-string mirror map exists
among the open moduli of the A-branes on the resolved conifold and their mirror
symmetric B-branes, so that secretly spectral curve associated to the bane is in fact
of genus zero. This, however, is precluded under the assumption that the brane modu-
lus α is a good affine coordinate in the neighborhood of α = 0.15 Indeed on a Riemann
sphere one can always find a coordinate y whose coordinate chart covers almost the
whole Riemann sphere except for one point, such that its zero coincides with the zero
of α. Then, α being locally regular, we can Taylor expand α in terms of y with the
leading coefficient normalized to one, i.e.,
α(y) = y + c1y
2 + c2y
3 + . . . . (3.21)
On the other hand, in terms of the coordinate y the Bergman kernel of the Riemann
sphere has the simple form
B(y1, y2)dy1dy2 =
dy1dy2
(y1 − y2)2
. (3.22)
Now, we expand the coordinate α1, α2 in (3.18) and compare the coefficients with the
formula above to obtain the identities
0 = p(2) − c
2
1 + c2,
0 = p(1,1) + 2c
3
1 + 2p(2)c1 − 4c1c2,
0 = p(0,2) − 6c
4
1 + 4p(2)c
2
1 + 16c
2
1c2 + 4p(1,1)c1 − 6c
2
2,
0 = p(1,0,1) − 3c
4
1 + 9c
2
1c2 + 3p(1,1)c1 + 3p(2)c2 − 3c
2
2,
· · · · · ·
(3.23)
After eliminating the coefficients ci in (3.23) a new list of identities {Ji = 0} involving
only the annulus instanton numbers p~k can be constructed. The simplest identity
reads
J1 = 6p
2
(2) − 4p(1,0,1) + 3p(0,2) = 0 . (3.24)
15This assumption in principle can be violated because to be more accurate u = 12pii logα instead of
α itself is the brane modulus. The construction in [15] circumvents the following argument precisely
because it violates this assumption. But this is also the reason in the instanton generating functions
of the fractional power terms, which defy explanation and which we want to avoid.
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However, this identity does not hold for a generic torus knots Kr,s.16 For instance,
inserting the known annulus numbers in arbitrary framing f the identities J1(K2,3)
and J1(K2,5) for the torus knots K2,3 and K2,5 are respectively given by17
J1(K2,3) = 36(−1 +Q)
4(5− 4Q +Q2) ,
J1(K2,5) = 60(−1 +Q)
4(98− 168Q+ 105Q2 − 28Q3 + 3Q4) .
(3.25)
which are clearly non-vanishing.
Therefore, we conclude that that the Bergman kernel of neither a proper high
genus curve nor a Riemann sphere can be the generating function of annulus instanton
numbers of a non-trivial knot (under the assumption that the coordinate α is locally
affine in the neighborhood of α = 0).
Inspired by the engineering of an instanton enumeration problem out of the topo-
logical recursion computation [49], we reverse the line of thought and conjecture that
the topological recursion might still work as long as the canonical form Θ(p) and the
“modified” kernel B˜(p1, p2) are still generating functions of disk instanton numbers
and annulus instanton numbers, respectively. The latter might not be a Bergman
kernel of the spectral curve anymore, but nevertheless the correlation differentials are
the results of the discussed topological recursion computation and give rise to the
generating functions of instanton numbers with the corresponding topology.
In Section 2.2 we provide for a method to construct for the knot augmentation
curves of torus knots the desired modified kernel, which we call the calibrated an-
nulus kernel B̂r,s(p1, p2) := B̂r,s(α(p1), α(p2);Q)dα(p1)dα(p2). It is the generating
function of the annulus instanton numbers of the associated probe brane, and it is a
rational function in Q as expect from the large N duality. We propose that the remod-
elled topological recursion can be applied to the knot augmentation curves together
with the calibrated annulus kernel, which replaces the role of the Bergman kernel.18
First, however, we need to discuss some issues concerning the physical annulus kernel
Br,s(p1, p2) introduced in Section 2.2, which may immediately jeopardize the validity
of the proposed topological recursion.
3.2.1 Pole structure of the physical annulus kernel
Since the calibrated annulus kernel B̂r,s(p1, p2) for torus knots is a more general bi-
differential than the Bergman kernel, it exhibits a more complicated pole structure.
Let us first have a look at the uncalibrated kernel Br,s(p1, p2) constructed in (2.12)
from the Bergman kernels of the auxiliary spectral curves hr,s(ζ, ρ;Q) in eq. (2.5).
16By construction this identity holds for unknot. Hence, it implies a non-linear relation among the
quantum dimensions of SU(N).
17One may be surprised to find that J1 does not depend on the framing f . This, however, does
not hold for the other identities Ji starting at i ≥ 2. It would be interesting to know if the quantity
J1(K) has a geometric meaning in knot theory.
18For torus knots, a similar idea has been put forward in ref. [26].
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The curve hr,s(ζ, ρ;Q) is of degree (r+ s) and hence it is a (r+ s)-sheeted cover of
the ζ-plane. This implies that for a generic value ζ , we find ρ(k)(ζ), k = 1, . . . , r + s,
solutions that give rise to r + s distinct points (ζ, ρ(k)) on the curve hr,s(ζ, ρ;Q).
Among all the (r+s) solutions — analytically continued to ζ = 0 — there are exactly
r solutions that are regular at ζ = 0 — corresponding to the r expansion centers
mentioned immediately below (2.7) — and that enter into the superpotential (2.7).
On the hand, when one uses the ideal Îr,s in (2.15) to construct the physical spectral
curve Cr,s, each ρ(k) is in fact a complete copy of the auxiliary curve hr,s(ζ, ρ;Q),
capable of moving to any of the (r + s) covering sheets. As a result, the r distinct ρ-
components of β can be chosen arbitrarily from the (r+ s) solutions in total, different
selections giving rise to different covering sheets of the α-plane, whose entirety is the
physical spectral curve. The expansion of the physical superpotential Wr,s(α;Q) picks
up only one covering sheet of the α-plane, which contains the point (α, β) = (0, 1/Q).
This covering sheet automatically corresponds to the selection of the r solutions of ρ
which are regular at ζ = 0.
Since from now on we want to stress that the choice of the r distinct ρ-components
is arbitrary, we rewrite the physical algebraic coordinates α and β as given by
α = ζr , β = (−1)r+1ρ(ℓ1) · . . . · ρ(ℓr) , (3.26)
for any 1 ≤ ℓ1 < . . . < ℓr ≤ r + s. Also the construction of the uncalibrated kernel
(2.11) and (2.12) is rewritten to stress this arbitrary choice,
Br,s(α1, α2;Q)dα1dα2 =
r∑
m,n=1
B(m,n)r,s (ζ1, ζ2;Q)dζ1dζ2
=
r∑
m,n=1
(
rρ(ℓm)(ζ1)
r−1ρ(ℓm)′(ζ1)
) (
rρ(ℓn)(ζ2)
r−1ρ(ℓn)′(ζ2)
)
(ρ(ℓm)(ζ1)r − ρ(ℓn)(ζ2)r)
2 dζ1dζ2 ,
αµ = (ζµ)
r , µ = 1, 2 . (3.27)
The kernel construction (3.27) shows that the physical kernel Br,s(p1, p2) develops
a double pole whenever B
(m,n)
r,s (ζ1, ζ2;Q)dζ1dζ2 has a double pole. Thus according
to eq. (2.11), we have a double pole whenever ρ(ℓm)(ζ1) = ηρ
(ℓn)(ζ2) with η an r-th
root of unity. Due to hr,s(ζ, ηρ) = hr,s(η
−sζ, ρ) and since α and β are invariant under
(ζ, ηρ(ℓm))→ (η−sζ, ρ(ℓm)), we absorb the phase η−s into ζ and assume in the following
that ρ(ℓm)(ζ1) and ρ
(ℓn)(ζ2) are equal at the location of a double pole. This implies that
at the location of a double pole indeed α1 and α2 have to be the same but β1 and β2
may be distinct, as long as some ρ components coincide. This leads to a proliferation
of double poles, which may induce two major problems for the topological recursion.
Let us turn to the first potential problem. The topological recursion often involves
components of the formBr,s(q, q¯) where q¯ is the conjugate point of q near a ramification
point. Due to the enhanced pole structure, the kernel Br,s(q, q¯) could be ill-defined at
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the point (q, q¯) on Cr,s × Cr,s. To investigate this problem, we need an understanding
of the ramification points of the augmentation curve Fr,s(α, β;Q) in terms of points
on the auxiliary curve hr,s(ζ, ρ;Q).
A ramification point ai = (αi, βi) occurs on the augmentation curve, if there
are two distinct local solutions β(α) and βˆ(α) that coincide at the point ai, i.e.,
βi = β(αi) = βˆ(αi). This can happens when β(α) and βˆ(α) differ only by one
ρ-component while the other (r − 1) ρ-components are already identical. Without
loss of generality let the differing ρ-components be ρ(ℓ1) and ρ(ℓˆ1) and the identical
ρ-components be ρ(ℓk), k = 2, . . . , r. Then we have a ramification point ai = (αi, βi),
if the two distinct ρ components coincide at ζi, i.e.,
(−1)r+1ρ(ℓˆ1)ρ(ℓ2) · · · ρ(ℓr) = βˆ → β = (−1)r+1ρ(ℓ1)ρ(ℓ2) · · · ρ(ℓr) , ℓˆ1 6= ℓ1 ,
if ρ(ℓˆ1) → ρ(ℓ1) .
(3.28)
Here all the ρ’s are evaluated for the same ζ . This also shows that a ramification
point of the augmentation curve corresponds to a ramification point of the auxiliary
curve, namely when ρ(ℓˆ1) and ρ(ℓ1) coincide at a ramification point of the auxiliary
curve. Moreover, by construction in the vicinity of such a ramification point, βˆ(α)
actually describes the conjugate point q¯ of the point q given by β(α). But due to the
(r− 1) pairs of identical ρ components in β and βˆ, the annulus kernel Br,s(p1, p2) has
a double pole at (p1, p2) = (q, q¯). This makes the expression Br,s(q, q¯) and hence the
topological recursion ill-defined.
Calibrating the kernel can cure this problem! We observe that the principal part
of the auxiliary kernel B
(m,n)
r,s (ζ1, ζ2;Q)dζ1dζ2 (when ρ
(ℓm)(ζ1) approaches ρ
(ℓn)(ζ2)) is
dρ(ℓm)(ζ1)dρ
(ℓn)(ζ2)
(ρ(ℓm)(ζ1)− ρ(ℓn)(ζ2))2
.
This is in fact the Bergman kernel of the auxiliary curve, and expanding in ζ1, ζ2
yields the principal part dζ1dζ2
(ζ1−ζ2)2
. Thus, the kernel Br,s(q, q¯) becomes well-defined,
if we remove the (r − 1) double poles caused by the (r − 1) identical components
ρ(ℓ2), . . . , ρ(ℓr) in β and βˆ. This can be achieved by subtracting
(r − 1)dα1dα2
(α1 − α2)2
= (r − 1)
r2ζr−11 ζ
r−1
2 dζ1dζ2
(ζr1 − ζ
r
2)
2
= (r − 1)
dζ1dζ2
(ζ1 − ζ2)2
+ reg.
which is precisely how we calibrate the physical annulus kernel in (2.23). From now
on the annulus kernel always refers to the calibrated one unless otherwise specified.
Before we move on to the second problem, let us briefly summarize the pole struc-
ture of the calibrated kernel B̂r,s(p1, p2) has. Recall that for a generic given value ζ
on the auxiliary curve hr,s(ζ, ρ;Q) there are (r+ s) different values ρ
(k). According to
(2.14), a point on the augmentation curve corresponds to the combination of arbitrary
r distinct ρ components. And there are
(
r+s
r
)
ways of selecting them. So a generic
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value of α value is shared by
(
r+s
r
)
different points on the augmentation curve (with
canonical framing). Fix a value for β = (−1)r+1ρ(ℓ1) · . . . · ρ(ℓr) describing the point p1
in B̂r,s(p1, p2). Then a double pole arises if βˆ of the second point p2 shares i (with
i 6= r − 1) different ρ-components with β of the first point p1 and is evaluated at the
same value of α, i.e., p1 = (α, β) and p2 = (α, βˆ). There are
(
r
i
)(
s
r−i
)
such possibilities.
For these
(
r
i
)(
s
r−i
)
double poles, the coefficient of the pole is i − (r − 1) = i + 1 − r,
as described in terms of the local coordinates α1 and α2 by
(i+ 1− r)dα1dα2
(α1 − α2)2
.
(When i = r − 1, the calibration of B̂r,s(p1, p2) cancels all the double poles and the
calibrated kernel becomes regular at these points.) Using the Chu–Vandermonde
identity we find in total
∑r
i=0,i 6=r−1
(
r
i
)(
s
r−i
)
=
(
r+s
r
)
− r · s points for a given generic
value of α. Note the above description can be made r, s symmetric if one uses index
j = r − i to classify the values of β for a given α. Then the number of poles Nj in a
given class j and the associated principal part Pj of the calibrated kernel B̂r,s(p1, p2)
in the local coordinates α1 and α2 are given by
Nj =
(
r
j
)(
s
j
)
, Pj =
(1− j)dα1dα2
(α1 − α2)2
. (3.29)
Let us know consider the second problem, which is more subtle. In the recursive
equation of the unmodified B-model remodelling (3.1), the residues are only taken at
the ramification points because the integrand on the right hand side consisting of the
recursion kernel and other correlation differentials have poles only at the ramification
points. The latter feature is due to the underlying matrix model construction, or
can be argued from the zero loci of the canonical one-form Θ(p) and the pole loci
of the Bergman kernel. In the modified B-model remodelling adapted to the knot
augmentation curves, the underlying matrix model is yet missing. With the Bergman
kernel replaced by the annulus kernel B̂r,s(p1, p2), one has to study whether new poles
can arise in the integrand on the right hand of (3.1). If new poles do arise, their
residues should be included in the recursion computation.
Let us look at the computation of the differential ω
(g)
n (p1, . . . , pn) in the unmodified
B-model remodelling more closely. Apply the recursive formula (3.1) repeatedly until
all the correlation differentials on the right hand side are removed, we get
ω(g)n (p1, . . . , pn) =
∑
i1,...,ih
Res
q1→ai1
· · · Res
qh→aih
I(g)n (p1, . . . , pn, q1, . . . , qh) . (3.30)
The integrand I
(g)
n on the right hand side now consists of only copies of the canonical
form Θ(p) and the Bergman kernel B(p1, p2). The residues are taken over the internal
variables qi. The number of these internal variables is h = 2g − 2 + n [11, 44]. Then
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q1
q2
a1 a2 a3
a1
a2
a3
(a) With Bergman kernel
q2
a1
a2
a3
q1a1 a2 a3
(b) With annulus kernel B̂r,s(q1, q2)
Figure 3: Here is an schematic illustration of the zero divisors of the denominators
of some I
(g)
n , which has two internal variables q1, q2 parametrizing the variety C × C.
Figure (a) is the case of (remodelled) topological recursion. The horizontal and vertical
red lines are the divisors qi − ai while the diagonal dashed red line is the divisor
q1 − q2 from the pole of B(q1, q2). The intersection points are (ai, aj). In figure (b)
the Bergman kernel is replaced by the annulus kernel Br,s(q1, q2). Although the zero
divisor from the poles of Br,s(q1, q2) (red dashed curves) is more complicated, the
intersection points are still (ai, aj).
the statement in the previous paragraph that the integrand in (3.1) only has poles at
the ramification points is equivalent to the observation that the integrand I
(g)
n only
has residues at the positions (ai1 , . . . , aih). If we think of the h internal variables qi as
parametrizing the h-dimensional complex space C × . . .× C, the differential I(g)n only
has residues at the intersection points of the zero divisors of the denominator of I
(g)
n .
The zero divisors are either qi − ai which are the zero loci of Θ(q)−Θ(q¯), or qi − qj
which are the pole loci of B(qi, qj), and their intersection points are inevitably tuples
(ai1 , . . . , aih). The case when h = 2 is illustrated schematically in Figure 3a.
In the case of modified B-model remodelling adapted to knot augmentation curves,
one can show that although the annulus kernel B̂r,s(q1, q2) has a more involved pole
structure, the zero loci of Θ(qi)−Θ(q¯i) and the pole loci of B̂r,s(qi, qj) still only intersect
at tuples of ramification points. The proof is given in Appendix E.1. Therefore the
differential I
(g)
n has still only residues at (ai1 , . . . , aih), and no new residues need to be
added.
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3.2.2 Variational formula and free energies
In order to compute from the knot augmentation curves not only the correlation
differentials ω
(g)
n (p1, . . . , pn) but also the free energies F
(g), we need to check whether
the definitions of the free energies are still consistent with the proposed modification
to the remodelled B-model. We now demonstrate that the definitions (3.10) given in
Section 3.1 readily generalize by just including an appropriate normalization factor,
namely
δΩiδΩjδΩkF
(0) =
1
Nr,s
∫
∂Ωi
Λi(p1)
∫
∂Ωj
Λj(p2)
∫
∂Ωk
Λk(p3)ω
(0)
3 (p1, p2, p3) , (3.31)
δΩF
(g) =
1
Nr,s
∫
∂Ω
ω
(g)
1 (p)Λ(p) , g ≥ 1 , (3.32)
where the normalization factor reads
Nr,s =
(
r + s− 2
r − 1
)
. (3.33)
Furthermore, the basis of the definition (3.10) — namely the variational formula
for the stable correlation differentials (3.9) — is still valid in the modified B-model
remodelling up to the normalization Nr,s, i.e.,
δΩ ω
(g)
n (p1, . . . , pn) =
1
Nr,s
∫
∂Ω
ω
(g)
n+1(p, p1, . . . , pn)Λ(p) , (3.34)
where the integration path ∂Ω and the multiplier Λ(p) are given by
Ω(q) =
∫
∂Ω
B̂r,s(p, q)Λ(p) . (3.35)
We should stress that, as the annulus kernel B̂r,s(p, q) generalizes the Bergman kernel,
the definition of ∂Ω and Λ(p) are just formal because given an arbitrary Ω(q) we may
not be able to find ∂Ω and Λ(p) such that they satisfy the relation (3.35). This, how-
ever, is of no concern since the first point p in correlation differential ω
(g)
n+1(p, p1, . . . , pn)
only appears in the recursion kernel K(p, q1) containing B̂r,s(p, q1). So ∂Ω and Λ(p)
are always combined with B̂r,s(p, q1) and thus can immediately be replaced by Ω(q1).
The new variational formula for correlation differentials can be easily proven by
adapting the arguments in Section 5 of ref. [11] together with the observation that
the annulus kernel B̂r,s(p1, p2) satisfies the Rauch variational formula including the
normalization factor Nr,s
δΩB̂r,s(p1, p2)
∣∣∣
α(p1),α(p2)
=
1
Nr,s
∑
i
Res
q→ai
Ω(q)B̂r,s(p1, q)B̂r,s(p2, q)α(q)β(q)
dα(q)dβ(q)
. (3.36)
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We verify this normalized Rauch variational formula in Appendix E.2.
One caveat is that the appearance of the normalization factorNr,s in the variational
formula indicates the correlation differentials may be greater than what we expect by
several powers of Nr,s. A careful study shows that when one computes ω
(g)
n (p1, . . . , pn)
using modified B-model remodelling on an augmentation curve, every time the sum
over residues at ramification points in terms of an internal variable q is performed, a
copy of Nr,s appears. So a stable correlation differential ω
(g)
n (p1, . . . , pn) is enhanced
by a factor of N2g−2+nr,s , where the exponent is the number of internal variables. We
can remove the normalization factor by defining the normalized stable correlation
differential
ω̂(g)n (p1, . . . , pn) =
1
N2g−2+nr,s
ω(g)n (p1, . . . , pn) , (3.37)
which generates instead the correct instanton numbers. Using this notation, one can
also remove the normalization factor in (3.31), (3.32), and (3.34).
δΩiδΩjδΩkF
(0) =
∫
∂Ωi
Λj(p1)
∫
∂Ωj
Λj(p2)
∫
∂Ωk
Λk(p3)ω̂
(0)
3 (p1, p2, p3) , (3.38)
δΩF
(g) =
∫
∂Ω
ω̂
(g)
1 (p)Λ(p) , g ≥ 1 , (3.39)
δΩ ω̂
(g)
n (p1, · · · , pn) =
∫
∂Ω
ω̂
(g)
n+1(p, p1, · · · , pn)Λ(p). (3.40)
Once the variational formula for correlation differentials is established, the definitions
of the free energies (3.38) and (3.39) are justified. In practice it is more convenient to
use (3.12) and (3.16), with proper normalization, to compute the derivatives of F (0)
and F (1) with respective to the curve parameters.
In the next section we demonstrate that we can indeed extract the free energies
of conifold resolution from knot augmentation curves. In particular, since (the third
derivative of) the planar free energy F (0) does not require the knowledge of the annulus
kernel (which at present we only know how to construct for torus knots), we verify
that — up to the normalization factor NK — the planar free energy can indeed be
computed for knots beyond the class of torus knots. Therefore, we conjecture that
the variational formula (3.34) with the appropriate normalization factor NK is valid
any knots K.
3.3 Computational results from the topological recursion
In this section we present our computational results in favor of our proposal that the
remodelled B-model can be applied to knot augmentation curves equipped with the
annulus kernel B̂r,s(p1, p2) constructed in (2.12) and (2.23). Before spelling out the
details, we first explain the techniques we use to facilitate our computation. This is
especially useful if only one internal variable q arises in the computation, e.g. in the
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cases of of W
(0)
3 (p1, p2, p3), W
(1)
1 (p) as well as in the derivatives of the free energies
F (0) and F (1).
3.3.1 Interlude: Discriminants, symmetrization and inversion
The augmentation curve of a nontrivial knot has many ramification points. As shown
in Appendix E.3, for the augmentation curve Fr,s(α, β;Q) of a torus knot Kr,s — in
a generic framing and for a generic value of Q — the number #(ai) of ramification
points ai is
#(ai) = 2
(
r + s− 2
r − 1
)
. (3.41)
So already the torus knot K2,3 has six ramification points, and in general it is not
possible to find those ramification points analytically. Instead, one expects the final
result of computing a correlation differential to be a symmetric polynomial in terms
of the ramification points. Therefore, one can reduce the correlation differential to
elementary symmetric polynomials, which are in turn expressed by the coefficients of
some character polynomial, which is a polynomial whose zeros include all the ram-
ification points. To make such a structure plausible, however, we should be able to
parametrize all the ramification points with just one discriminating coordinate.
This discriminating coordinate can usually be found. For example on a hyperel-
liptic curve given by
y2 = σ(x) ,
the ramification points are completely distinguishable by their values of x. Even if
neither of the original coordinates x and y can completely distinguish all the ramifica-
tion points, one can always tilt the coordinate planes slightly to break the degeneracy.
In practice, this means one can find a new coordinate z being a linear combination
of x and y which can make all the distinction. Note here we are not changing the
projection plane with respect to which the ramification points are defined.
In the case of knot augmentation curves, β is a suitable discriminating coordinate,
while α is not (at least for all the knots that we have checked so far). Thus we need
to find the character polynomial Disc(β) termed the discriminant, whose zeros should
give us all β(ai). However, the correlation differentials, nonetheless, are expressed in
terms of both coordinates α and β evaluated at the ramification points. The question
is then how to eliminate the α(ai)’s in favor of the β(ai)’s.
We notice that the ramification points are the simple zeros of the zero-dimensional
ideal Jr,s generated by Fr,s(α, β) and ∂βFr,s(α, β) in the ring Q(Q)[α, β], and to obtain
Disc(β) we essentially face an elimination problem. To this end, we perform the
Euclidean division on polynomials
Fr,s(α, β) = ∂βFr,s(α, β)P1(α, β) + S1(α, β) ,
so that S1(α, β) belongs to the ideal Jr,s and has degree of α strictly lower than that
in ∂βFr,s(α, β). In fact since Fr,s(α, β) and ∂βFr,s(α, β) have the same degree in α
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their roles can be exchanged. Then we continue this procedure to find S2(α, β), . . . ,
all being in the ideal Jr,s
∂βFr,s(α, β) = S1(α, β)P2(α, β) + S2(α, β) ,
· · · · · · · · ·
Sn−2(α, β) = Sn−1(α, β)Pn(α, β) + Sn(β) ,
until Sn(β) is only a polynomial in β. Then the square-free part of Sn(β) is the sought
discriminant Disc(β). Note that the α(ai) to β(ai) conversion problem is also solved
along the way. If β is the discriminating coordinate, then the relation Sn−1(α, β) = 0
— linear in α — can be solved for α, and we obtain
α(ai) = α(β(ai)) , (3.42)
as a rational function of β, which converts α(ai) into a rational function of β(ai).
After using (3.42) to remove all the α(ai) in the result of correlation differential
computation, one finds another problem. The result is presented as the sum of ra-
tional function R(β(ai)) in all the different β(ai)’s. Adding them together yields a
horrendously lengthy rational function, the symmetric reduction of whose numera-
tor and denominator would take enormous computer time. However since now the
base ring Q(Q)[β]/Disc(β) where the ramification points live is actually a field, one
can find the inverse of the denominator of R(β(ai)) and convert the rational function
R(β(ai)) to a polynomial P (β(ai)). The way to do it is solve the equation
Disc(β)M(β) +D(β)N(β) = L , (3.43)
where Disc(β) and D(β) are the discriminant and the denominator of R(β(ai)) we
want to invert respectively. The aim is to find polynomials M(β) and N(β) such that
L is independent of β (although it is still a polynomial in Q). This is similar to the
Be´zout’s problem in number theory, which is to find integral solutions p and q to the
equation
r p+ s q = gcd(r, s) , (3.44)
with gcd(r, s) the greatest common divisor of the integers r and s. Similarly, the
equation (3.43) has a solution as long as Disc(β) and D(β) do not have any factors in
common, which is the case since D(β) does not vanish at a ramification point. Anal-
ogously, as for Be´zout’s problem repetitive Euclidean divisions allow us to determine
N(β), and then N(β)/L is the inverse of D(β) in the quotient ring Q(Q)[β]/Disc(β).
Once the rational function R(β(ai)) is converted to a polynomial P (β(ai)), the
sum
∑
i P (β(ai)), which is a symmetric polynomial in β(ai) and which has power at
most the degree of Disc(β) minus one, is very easy to reduce to elementary symmetric
functions in β(ai). The latter in turn can be replaced by coefficients of Disc(β).
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Finally, let us remark that although the algebraic method introduced here is ef-
ficient and powerful, sometimes it may still take a lot of time to complete the com-
putation in practice due to the complexity of the annulus kernel B̂r,s(p1, p2) (see for
instance the expression for the trefoil knot in Appendix A). Then one can resort to
the numerical computations for several specific numerical values of Q, and attempt
to reconstruct the final result as a polynomial/rational function in Q.
3.3.2 The trefoil knot
The augmentation curve of the trefoil knot in the canonical framing six is given in
(2.32). The calibrated annulus kernel B̂r,s(p1, p2) is a lengthy rational function in
α1, β1, α2, β2 stated in its full glory in Appendix A. We have checked its validity as
the annulus instanton generating function in Section 2.
The normalized planar three-point correlation differential ω̂
(0)
3 (p1, p2, p3) is com-
puted by specializing the formula (3.4) to the annulus kernel and taking into account
the proper normalization,
ω̂
(0)
3 (p1, p2, p3) =
1
N2,3
∑
i
Res
q→ai
B̂r,s(p1, q)B̂r,s(p2, q)B̂r,s(p3, q)α(q)β(q)
dα(q)dβ(q)
, (3.45)
where N2,3 = 3. We give the first few terms of the expansion of ω
(0)
3 (p1, p2, p3) cor-
responding to the first three winding vectors ~k = {(3), (2, 1), (1, 2)}. After rescaling
αµ 7→ Q5αµ, µ = 1, 2, 3,
ω̂
(0)
3 (p1, p2, p3) = dα1dα2dα3
[
− 7200 + 24192Q− 31536Q2 + 19980Q3 − 6264Q4
+ 864Q5 − 36Q6 + (−302400 + 1378944Q− 2624832Q2 + 2699424Q3
− 1620216Q4 + 570960Q5 − 112320Q6 + 10800Q7 − 360Q8)(α1 + α2 + α3)
+ (−12700800 + 73156608Q− 183145536Q2 + 261128448Q3 − 233372160Q4
+ 135520560Q5 − 51246720Q6 + 12283200Q7 − 1749600Q8 + 129600Q9
− 3600Q10)(α1α2 + α2α3 + α3α1) + . . .
]
.
(3.46)
This result reproduces the correct instanton numbers as also computed from the
Chern–Simons theory.
As a further check, we also expand one boundary component — say corresponding
to the point p3 on C2,3 — about the large volume point p˜3 = ι(p3) associated to the
image brane ι∗L2,3. According to (2.37) this amounts to carrying out an expansion in
terms of α˜3 = Q
5/α3. The coefficients of the expansion of ω̂
(0)
3 (p1, p2, p˜3) now count
the numbers of stretched planar three-holed instantons with two boundaries on the
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brane L2,3 and one boundary on the brane ι∗L2,3. This expansion becomes
ω̂
(0)
3 (p1, p2, p˜3) = dα1dα2dα˜3
[
432Q− 1224Q2 + 1296Q3 − 612Q4 + 108Q5
+ (18144Q− 72576Q2 + 118944Q3 − 101952Q4 + 47880Q5 − 11520Q6
+ 1080Q7)(α1 + α2) + (8064Q− 33264Q
2 + 56160Q3 − 49824Q4 + 24624Q5
− 6480Q6 + 720Q7)α˜3 + . . .
]
.
(3.47)
Here the constant terms, the coefficients of α1, α2 and the coefficients of α˜3 correspond
to the windings (1, 1, 1), (1, 2, 1) and (1, 1, 2), respectively, where the underlined entry
refers to the distinguished boundary component mapped to the image brane ι∗L2,3.
Comparing with (C.18), (C.19), and (C.20) for f = 6, we find agreement with the
results from the quantum groups of composite representations discussed in Appendix
C (for f = 6). We should stress that this is non-trivial check on the global structure of
the correlation differential ω̂
(0)
3 (p1, p2, p3), and thus a non-trivial check on the prosed
topological recursion.
The one-point function at genus one is computed by specializing the formula (3.3)
to the calibrated annulus kernel with the proper normalization. After the usual rescal-
ing α 7→ Q5α its expansion becomes
ω̂
(1)
1 (p) = dα
[ 1
24
(
22− 21Q−Q2
)
+
1
12
(
1722− 3752Q+ 2625Q2 − 620Q3 + 25Q4
)
α
+
1
24
(
213213− 719433Q+ 940500Q2 − 595980Q3 + 185850Q4
−25074Q5 + 924Q6
)
α2 + . . .
]
,
(3.48)
which is in agreement with the corresponding expected instanton numbers.
The next task is to compute the free energies F (0) and F (1) from the augmentation
curve of the trefoil knot, which reproduces the expected result of the closed-string
sector of the resolved conifold. For this purpose, we use formulas (3.12) and (3.16),
respectively. Here we vary the complex structure of the curve with respect to the flat
closed-string modulus t of eq. (2.2) in order to derive (the third derivative) of F (0).
For arbitrary framing we find
∂3
∂t3
F (0) = (2πi)3
(
Q
1−Q
+
f 3 + f 2 − 5f + 3
3f(f − 3)
)
. (3.49)
The first term in (3.49) is in accordance with the Yukawa coupling of the resolved
conifold, and hence reproduces the prepotential of the resolved conifold correctly. The
framing dependence f that appears in the second term of (3.49) only contributes to
the classical term of F (0). Due to the non-compactness of the resolved conifold, the
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classical piece depends on a regularization recipe. It would interesting to understand
the resulting framing dependence from this point of view.
Similarly, we find for the the derivative of F (1) for an arbitrary framing f
∂
∂t
F (1) = 2πi
(
Q
12(1−Q)
+
f 3 − 4f 2 + 28f − 69
72f(f − 3)
)
. (3.50)
As for the prepotential, the first term of (3.50) coincides with the F (1) of the resolved
conifold, while the second term in (3.50) is again a classical contribution, which de-
pends on the used regularization scheme.
To calculate the free energies in various framings f , we remind the reader that the
augmentation curve (2.32) and the annulus kernel B̂r,s(p1, p2) constructed in Section 2
of the trefoil knot K2,3 are given in framing six, but can easily be transformed to
arbitrary framings with the transformation
(α, β) 7→ (αβf−6, β) . (3.51)
In particular, it is straight forward to check that the annulus kernel B̂r,s(p1, p2) cor-
rectly transforms under framing transformations and generates the annulus instanton
numbers correctly in arbitrary framing f .
3.3.3 The planar free energy F (0)
As discussed at the end of Section 3.2.2, although we do not have the expression for
the annulus kernel B̂K(p1, p2) for non-torus knot augmentation curves, we conjecture
that the variational formula still holds and venture to compute the planar free energy
from non-torus knot augmentation curves. Recall that this is possible because the
planar free energy F (0) does not depend on the annulus kernel according to (3.12).
We perform this computation for the figure eight knot, the knot 52, the knot 61,
and the knot 62, whose augmentation curves in framing zero can be found on Ng’s
website [50]. For readers’ convenience, we also attach the augmentation polynomials
of these curves in the coordinates α and β in Appendix F.
Here we presume that the instanton generated part — that is to say ignoring the
classical piece — is again framing independent, and therefore we only calculate in
a particular framing in the following. In many cases, however, zero is not a good
framing, as it may turn out that some of the segments of the boundary of the Newton
polytope may be horizontal (vertical rays) (see Figure 4 for the illustration in the case
of figure eight knot), meaning that the number of ramification points with respect to
α is reduced. See the discussion at the end of Appendix D on this issue. As pointed
out in ref. [51], this may cause the topological recursion to fail. So we need to choose
a proper framing. In the case of the figure eight knot, we choose framing f = 1
as a suitable framing, which amounts to carrying out the framing transformation
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(a) Framing 0 (b) Framing 1
Figure 4: Newton polytopes of the augmentation curve for the figure eight knot with
different framings. Horizontal segments appear in framing 0 but not in framing 1.
(α, β) 7→ (αβ, β) on the augmentation curve (F.2). Using (3.12) the (derivative of)
planer free energy is computed to be
∂3
∂t3
F (0) = (2πi)3
3
N41
(
Q
1−Q
+
4
9
)
. (3.52)
Again the quantum piece conforms to the planar free energy F (0) of the resolved con-
fold! In fact we propose that the normalization factor N41 should be chosen such that
∂3
∂t3
F (0) (ignoring the classical remnant) coincides with the result of resolved conifold.
Then the normalization factor thus found can be used in the future topological re-
cursion computation for the correlation differentials ω
(g)
n (p1, · · · , pn) as well as higher
genus free energies once the proper annulus kernel is at hand. Therefore for the figure
eight knot, we propose
N41 = 3 . (3.53)
In the case of knot 52, the computation is done in framing f = 1. The planar free
energy becomes
∂3
∂t3
F (0) = (2πi)3
3
N52
(
Q
1−Q
−
1
6
)
, (3.54)
which is again in agreement with the Yukawa coupling of the resolved conifold for the
normalization
N52 = 3 . (3.55)
Furthermore, for the knot 61 again in framing f = 1 we get
∂3
∂t3
F (0) = (2πi)3
3
N61
(
Q
1−Q
+
1
9
)
, (3.56)
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(a) Framing 0 (b) Framing 1 (c) Framing 2
Figure 5: Newton polytopes of augmentation curves of the knot 62 in the framing
0,1,2, respectively. Only the last Newton polytope has no horizontal boundary, hence
no reduced number of ramification points.
and postulate the normalization factor
N61 = 3 . (3.57)
Finally, for the knot 62, we need to do the computation at least in framing f = 2 so as
to prevent the reduction of the number of ramification points (c.f., with the Newton
polytopes of different framings in Figure 5). We find
∂3
∂t3
F (0) = (2πi)3
5
N62
(
Q
1−Q
+
9
20
)
, (3.58)
and determine
N62 = 5 . (3.59)
It is gratifying to see that in all these examples of non-torus knots, the quantum
part of the planar free energy F (0) of the resolved conifold is calculated correctly.
4 Topological recursion and knot theory
In this section we would like to point out a few consequences for knot theory that arise
from the topological recursion point of view. While our observations are rather basic
40
consequences from the topological recursion, they seem to imply strong statements in
the context of knot theory.
In the following, our basic assumption is that the proposed topological recursion
for the brane LK on the resolved conifold — which as explained in Section 3 further
modifies the topological recursion of the remodelled B-model [9,10] — applies to any
knot K (and not just to the class of torus knots Kr,s as shown in this work). Clearly,
verifying the validity of the topological recursion for a non-torus knot (such as the
figure eight knot) would be strong evidence in favor of this assumption. Unfortu-
nately, we currently do not know how to construct the calibrated annulus kernel for
non-torus knots to run such a check. However, at least we can calculate from the aug-
mentation curve of non-torus knots (without the knowledge of the calibrated annulus
kernel) the planar free energy F (0) of the resolved conifold as shown in Section 3.3.3.
This is a fairly strong check on the variational principle, which is an important part
of the topological recursion program. More generally in topological string theories
with a matrix model formulation, the matrix model Ward identities can be solved in
the sense that all amplitudes can be recursively calculated from the disk and annulus
amplitudes [11,48,52]. Hence, in such topological string theories the disk and annulus
instantons should be the building blocks to construct — via a suitable surgery opera-
tion — all open and closed higher genus worldsheet instantons [9,49]. But we cannot
exclude the possibility that certain knots require yet another recursion scheme, for
which our presented implications do not necessarily hold.
4.1 Planar annulus amplitudes
First — without making use of our assumption — we would like to show that any
planar annulus amplitude associated to the brane LK in the resolved conifold can
be obtained from the HOMFLY polynomials Hµ of the knot K, colored with Young
tableaus µ with at most two rows.
The simplest example starts with considering HOMFLY invariants colored only
with two boxes. With these invariants, we can extract the one-point function at
winding two and the two-point function with total winding two
H −H =
1
gs
F
(g=0)
(0,1) + gs F
(g=1)
(0,1) + . . . ,
H +H −H2 = F (g=0)(2) + g
2
s F
(g=1)
(2) + . . . ,
(4.1)
where F
(g)
~k
is the free energy associated with winding vector ~k at genus g. Since the
gs expansion of the free energy is graded by the Euler characteristic of amplitudes, we
can eliminate some of the colored HOMFLY invariants at lowest order. For instance,
if we are only interested in disk amplitude of winding two, i.e. F
(g=0)
(0,1) , then the right
hand side of the second equation in (4.1) is irrelevant and for this order O(g−1s ) we
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can set it to zero. This implies[
H
]
O(g−1s )
=
[
−H +H2
]
O(g−1s )
. (4.2)
Here and in the following the symbol ‘[ · ]O(gℓs)’ indicates a truncation in gs up to the
order gℓs. Using (4.2), we can now eliminate H from the disk and we would therefore
find
F
(g=0)
(0,1) = gs
[
2H −H2
]
O(g−1s )
. (4.3)
This shows that disk amplitude at winding two can be obtained only by the knowledge
of HOMFLY invariants in symmetric representations. Now, let us proceed with the
next level of winding. With winding three, we can have one-point function at winding
three, two-point function with total winding three, and the lowest winding three-point
function. We have
H −H +H =
1
gs
F
(g=0)
(0,0,1) + gs F
(g=1)
(0,0,1) + . . . ,
H −H −H (H −H ) = F (g=0)(1,1) + g
2
s F
(g=1)
(1,1) + . . . ,
H + 2H +H − 3H (H +H ) + 2H3 = gsF
(g=0)
(3) + g
3
s F
(g=1)
(3) + . . . .
(4.4)
Similar to the previous case, if we are just interested in disk amplitude the right hand
sides of the second and third equations of (4.4) are irrelevant and can be set to zero.
In doing so, we can eliminate two of the colored HOMFLY invariants in favor of the
third one. Let us solve H and H in terms of H and the lower colored invariants
at order O(g−1s ). Solving the equations together with (4.2), we arrive at[
H
]
O(g−1s )
=
[
−H +H H
]
O(g−1s )
,[
H
]
O(g−1s )
=
[
H −H (2H −H2 )
]
O(g−1s )
.
(4.5)
Using (4.5), we can state the disk amplitude at winding three in terms of only sym-
metric representations in the following way
F
(g=0)
(0,0,1) = gs
[
3H − 3H H +H3
]
O(g−1s )
. (4.6)
The annulus amplitude in (4.4) however starts with O(g0s). Therefore, at this order
we can only set the right hand side of the last equation of (4.4) to zero. This allows
us to eliminate only one colored HOMFLY invariant in favor of others at this stage.
42
We should note that at this order, (4.2) will not be valid anymore. Setting the last
equation of (4.4) to zero, we find[
H
]
O(g0s)
=
[
−H − 2H + 3H (H +H )− 2H3
]
O(g0s)
. (4.7)
Now plugging (4.7) into (4.4), we can express the annulus amplitude in terms of
representations with at most two rows
F
(g=0)
(1,1) =
[
2H + 2H − 4H H − 2H H + 2H3
]
O(g0s)
. (4.8)
The described pattern is the base case for the proof of a recursive algorithm that
allows us to express any planar annulus amplitude with arbitrary windings just in
terms of HOMFLY polynomials colored with Young tableaux with at most two rows.
To verify the inductive step of the proposed algorithm, we assume that the assertion
is true for all planar annulus amplitudes F
(g=0)
~k,|~k|=2
for winding vectors ~k up to the
total winding number
∑
j jkj < N . This implies that up to the order O(g
0
s) all
representations with less than N boxes and with more than two rows can already be
expressed in terms of HOMFLY polynomials with at most two rows, i.e.,[
Hµ
]
O(g0s)
=
[
fµ({Hν |cν ≤ 2, nν ≤ nµ})
]
O(g0s)
for cµ > 2, nµ < N . (4.9)
Here fµ is a polynomial in the specified set of HOMFLYs and nµ, nν and cµ, cν de-
note the numbers of boxes and the numbers of rows of the representations µ and ν,
respectively.
The (sum of) free energies F
(g)
~k
of total winding N can in general be written as∑
g
g2g+|
~k|−2
s F
(g)
~k
=
∑
µ,nµ=N
c~k,µHµ + h~k({Hν |nν < N}) for
∑
j
jkj = N , (4.10)
in terms of the polynomials h~k. Thus, they depend linearly on the HOMFLYs with
the maximum number of N boxes (but depend non-linearly on those with less then
N boxes). Truncating to the order of interest, namely O(g0s) yields then the following
relations
F
(g=0)
~k
= g|
~k|−2
s
[ ∑
µ,nµ=N
c~k,µHµ + h˜~k({Hν |cν ≤ 2, nν < N})
]
O(g0s)
for |~k| ≤ 2 , (4.11)
0 =
[ ∑
µ,nµ=N
c~k,µHµ + h˜~k({Hν |cν ≤ 2, nν < N})
]
O(g0s)
for |~k| > 2 , (4.12)
where the polynomials h˜~k arise from inserting the induction hypothesis (4.9) into the
polynomials h~k, and we use that F
(g)
~k
starts off at order g
2g+|~k|−2
s .
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Since we can assign to each winding vector ~k (of total winding N =
∑
j jkj) a
Young tableau with |~k| rows and N boxes, we get from the identities (4.12) as many
relations as there are Young tableaux with more than two rows. Solving for the Young
tableaux with more than two rows (which appear linearly in (4.12)), we can carry out
the induction step, by noting that (4.9) gets extended by the HOMFLY polynomials
with nµ = N . Thus we now have[
Hµ
]
O(g0s)
=
[
fµ({Hν |cν ≤ 2, nν ≤ nµ})
]
O(g0s)
for cµ > 2, nµ ≤ N .
Inserting the last relations into (4.11) (for |~k| = 2) shows the assertion up to the order∑
j jkj = N , and it completes the verification of the described recursion algorithm by
induction.
To summarize we have confirmed that the planar annulus amplitude can be cal-
culated from the set of HOMFLY polynomials colored with representations with at
most two rows. Note that as illustrated at the beginning of this subsection the fact
that the planar disk amplitude F0,~k,|~k|=1(Q) just arises from symmetric representations
(i.e., Young tableaux with just one row), as for instance used in ref. [23, 25], can be
argued for analogously. Furthermore, similar identities can be derived for the planar
free energies with more than two holes.
4.2 Knot invariants, mutants and the topological recursion
Let us now contemplate, under the assumption that the proposed topological recursion
is valid for any knot K, what our results imply for knot theory.
First, we observe that the definition of a topological recursion of a knot K —
denoted by TopRec(K) — in principal assigns to a knot K the set of all correlation
differentials ωˆ
(g)
~k
. This is equivalent to the knowledge of the set of all HOMFLY
polynomials
{
HKµ (Q, q)
}
colored with any representation of SU(n) (for arbitrarily
high n), i.e.,
TopRec(K) ≃
{
HKµ (Q, q)
}
. (4.13)
If we now assume that our proposal of the topological recursion is universal, that
is to say that for any knot K the topological recursion TopRec(K) is given by the
modified topological recursion of the remodelled B-model based on the augmentation
polynomial FK(α, β;Q) and a calibrated annulus kernel B̂K(p1, p2;Q), then we arrive
at the equivalence {
FK(α, β;Q), B̂K(p1, p2;Q)
}
≃
{
HKµ (Q, q)
}
. (4.14)
Thus the knowledge of the augmentation polynomial together with the calibrated
annulus kernel is as good as the knowledge of all colored HOMFLY polynomials!
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Furthermore, using the result of the last subsection that one can calculate the disk
generating function F0,~k,|~k|=1(Q) and the annulus generating function F0,~k,|~k|=2(Q) just
from the HOMFLY polynomials colored with representations of at most two rows, we
obtain the further equivalence{
HKµ (Q, q)
∣∣cµ ≤ 2} ≃ {HKµ (Q, q)} . (4.15)
Here we have used that the disk generating function F0,~k,|~k|=1(Q) calculates the aug-
mentation polynomial [22,23,25] and that the calibrated annulus kernel B̂K(p1, p2;Q)
is essentially a closed expression for the annulus generating function F0,~k,|~k|=2(Q). We
are not aware if such or similar statements have appeared or have even been proven
in the literature before.
The above listed conjectures have some remarkable consequences. First of all,
we note that if two distinct knots K1 and K2 can be distinguished by any colored
HOMFLY polynomial at all, then the conjecture (4.15) implies that those two knots
must already be distinguishable by a colored HOMFLY polynomial Hµ(Q, q) for some
Young tableau µ with at most two rows cµ ≤ 2.
Let us examine what the above assertion implies for mutant knots.19 Two mutant
knots are related by a flip or a 180◦ rotation of a tangle component, which is called a
mutation operation in knot theory.20 Mutants are generally interesting because they
cannot be distinguished by many knot invariants including the Alexander polyno-
mial, the Jones polynomial, the Kauffman polynomial and the HOMFLY polynomial
(all taken in the fundamental representation). In fact, a theorem by Morton and
Cromwell [27] implies that HOMFLY polynomials colored with symmetric represen-
tations are not sufficient to distinguish a pair of mutants.21 Since we can construct
the augmentation polynomial from all HOMFLY polynomials in symmetric repre-
sentations, we claim that a pair of mutant knots must have the same augmentation
variety. If, however, the mutant pair can be distinguished by a colored HOMFLY
polynomial at all, our conjectures further assert that such mutants — while having
the same augmentation polynomial — must have distinct calibrated annulus kernels,
which in turn is equivalent to the statement that such mutants are distinguishable by
a colored HOMFLY polynomial with two rows.
The simplest and most studied mutant pair is the Conway’s knot and the Kinoshita–
Terasaka knot. Both knots are non-torus knots and have 11 crossings. The Conway
and Kinoshata–Terasake mutant pair is distinguishable by their HOMFLY polynomi-
als colored with µ = as shown in ref. [27]. Note this is a representation of two
rows! Thus, even though we expect that they have the same augmentation variety,
19We would like to thank Marcos Marin˜o for drawing our attention to mutant knots in this context.
20For an elementary review, see for instance ref. [53].
21Theorem 5 in ref. [27] proves that a HOMFLY polynomial colored by a representation R cannot
distinguish mutant pairs if the decomposition of R⊗R has no repeated summands. This is true for
any symmetric representation.
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we predict that their calibrated annulus kernel are distinct. This also shows that for a
general knot the calibrated annulus kernel cannot be constructed from the knowledge
of the augmentation variety alone.
5 Conclusions and outlook
Knot invariants are encoded in Wilson loop expectation values of Chern–Simons the-
ory on S3 [1]. A remarkable chain of dualities relates them to open topological B-
model amplitudes on T ∗S3 with additional branes ending on the knots, going through
a holographic duality to an A-model formulation on the resolved conifold [5,6], which
in turn is mirror dual to a B-model. The latter enjoys a matrix model description with
a topological recursion for the amplitudes [8–10], which yields a powerful program for
extracting knot invariants. Moreover, the BPS expansion of the open topological
string reveals strong integrality properties of the colored HOMFLY polynomials [6]
and suggests refinements of the latter.
The topological recursion is based on a spectral curve together with a meromorphic
one form [9–11]. This set of data directly fixes the topological disk amplitudes. In
the context of conifold geometry, it is argued in refs. [22,23,25] that this information
is in one-to-one correspondence to the augmentation variety of the differential graded
algebra of the knot contact homology [16–20]. As a further input, the topological
recursion requires the kernel bi-differential that produces the annulus numbers. An
important second claim is that these initial data unambiguously fix all open and closed
amplitudes by the recursion.
One conclusion of this paper is that the kernel bi-differential is not canonically
associated to the spectral curve with the meromorphic one form. This is different then
in the remodelling approach to the open topological A-model on local toric Calabi–
Yau spaces with Harvey–Lawson branes [9,10], where the closed string spectral curve
happens to be identical to moduli space of the branes and the kernel bi-differential is
canonically given by the Bergman kernel of the spectral curve. In the context of knot
theory a canonical association is not to be expected because — as we discussed in
Section 4 — a pair of mutant knots cannot be distinguished by the first set of data, but
may differ by their annulus amplitudes (as it is the case for the Conway and Kinoshita–
Terasaka mutant pair). This also implies that in general an unambiguous quantization
prescription cannot be given from the spectral curve and the meromorphic one form
alone, but instead requires the knowledge of some additional data.
The main claim of this paper is that this quantization ambiguity is entirely fixed by
the right choice of the annulus kernel. Indeed for the torus knots we complement the
augmentation variety and the meromorphic one form by a kernel bi-differential that we
call calibrated annulus kernel and give convincing evidence that the recursion produces
correctly all open- and closed-string amplitudes for torus knots. In particular, we check
the knot invariants arising from the three-point function at genus zero, as well as the
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one-point function at genus one. In addition, we calculate from the recursion the
closed-string free energies at genus zero and genus one. The latter calculations are a
further check that the analytic structure of the annulus kernel, which is summarized
in Section 3.2.1, is correct. We further argue that the discussed calibration on the
annulus kernel is necessary to produce the correct framing dependence for torus knots
invariants and show that it is required to render the proposed topological recursion
consistent.
The calculation of streched annulus invariants — performed in Section 2.6 —
are checked by an explicit localization calculation (in Appendix B) that extends the
approach of ref. [28] to open strings with an orientifold involution. These stretched
annulus amplitudes calculate Chern–Simons Wilson loop observables in the composite
representations of U(N), which are evaluated in Appendix C using the Rosso–Jones
formula and are compared with the A- and B-model results. Comparison with the
latter confirms again the necessity of the calibration of the annulus kernel in a simple
setting. Note that the stretched annulus invariants probe the analytic structure of
the calibrated annulus kernel in a non-trivial way as they are evaluated in a different
phase of its parameter space after the involution (2.37). We present consistency checks
confirming that the recursion applies for the stretched geometries.
The evidence that a spectral curve related in the standard way to the disk invari-
ants and the calibrated annulus kernel yield via the topological recursion the Wilson
loop expectation values of Chern–Simons theory on S3 with more complicated knots
raises a natural question. Does a matrix model description for the more general branes
associated to these knots exist on the local conifold? The work [54] hints that Chern–
Simons invariants on S3 might have fairly generally a matrix model description.
Different then for the much simpler Harvey–Lawson branes, the equivalence of the
open/closed topological string amplitudes and of the amplitudes obtained by recursion
is not proven to all orders in gs for our new proposed kernel — not even for the torus
knots. Besides such a proof the main practical challenge is to find a conceptual
way to provide for the calibrated physical annulus kernel based on more minimal
information regarding the knot. As there seems to be a link between the braid word of
torus knots and the construction of augmentation varieties via fractional unknots, one
could speculate that the braid word of a knot could give rise to the calibrated annulus
kernel by fixing its non-trivial pole structure and the residues of the kernel. This pole
structure could be related to physical short distance behavior, as argued at the end
of Section 2.3. It would be interesting to translate the choice of the annulus kernel
and these observations about the pole structure more conceptually into a quantizing
prescription of the augmentation variety.
Having the annulus kernel for non-torus knots at hand, one can then compute
colored HOMFLY invariants associated with these knots by our proposed recursion
algorithm. This would then provide a powerful tool for computing new colored in-
variants, which are typically difficult to compute in the context of knot theory.
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As pointed out in (2.37) for the trefoil knot and in ref. [21] for any given knot, the
associated augmentation polynomial enjoys an involution symmetry. Employing this
symmetry, as in the case of unknot, it would be interesting to develop the required
techniques in the framework of B-model to compute the Kauffman invariants of the
unoriented knots. A crucial step will be the construction of the correct annulus bi-
differential for this case.
In this paper, we have only considered oriented knots on S3. A natural question is
whether our formalism extends to calculate knot invariants in other three-manifolds,
in particular for those geometries, which can be embedded into geometries of known
topological string constructions. These involve in general a four cycle leading to
non-trivial automorphic functions governing the closed string moduli. It would be
interesting to understand the relation between the closed- and open-string moduli
spaces in such settings. A simple class of such examples are furnished by knots in
Lens spaces. As the first step in this direction, one may start to construct the correct
physical annulus kernel for torus knots in Lens spaces. In the spirit of ref. [15], torus
knots in Lens spaces have recently been studied in the B-model in ref. [55].
We hope to address some of these questions in the future.
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A Physical annulus kernel of the trefoil knot
Here we record the physical annulus kernel of the trefoil torus knot, which is given by
B2,3(α1, β1, α2, β2;Q)dα1dα2 =
U2,3(α1, β1, α2, β2;Q) + U2,3(α2, β2, α1, β1;Q)
V2,3(α1, β1, α2, β2;Q) + V2,3(α2, β2, α1, β1;Q)
dα1dα2 ,
(A.1)
while the calibrated annulus kernel of the trefoil knot reads
B̂2,3(α1, β1, α2, β2;Q)dα1dα2 =
[
B2,3(α1, β1, α2, β2;Q)−
1
(α1 − α2)2
]
dα1dα2 , (A.2)
in terms of the rather lengthy polynomials
U2,3(α1, β1, α2, β2;Q) = (1−Q)β
3
2
×
[
Q2α2
(
24Qα1β
8
2 + (11− 24Q)α1β
7
2 − 6Q
4β62 − 2(Q− 4)Q
3β52 + 4Q
2(6Q − 5)β42 + 2Q
(
4Q2 − 9Q+ 5
)
β32
+4(1 − 3Q)Qβ22 − 6(Q − 1)Qβ2 + 4Q
)
β101 + α2
(
−6Q4α1β
10
2 + 6(Q − 1)Q
3α1β
9
2 + 2Q
2(4Q − 19)α1β
8
2
+Q
(
−2Q2 + 61Q − 65
)
α1β
7
2 − 2
(
16Q2 − 41Q + 25
)
α1β
6
2 + 9Q
4β52 + 3Q
2
(
7Q2 − 18Q + 5
)
β32
+6(Q − 1)2Q2β22 + 9Q
2β2 − 6(Q − 1)Q
2
)
β91 + α2
(
−2(Q − 4)Q3α1β
10
2 +Q
2
(
2Q2 − 10Q + 17
)
α1β
9
2
−75(Q − 1)Qα1β
8
2 +
(
24Q5 +
(
2Q3 + 57Q2 − 240Q + 275
)
α1
)
β72 +
(
2(7Q − 19)Q4 +
(
−3Q2 + 95Q − 140
)
α1
)
β62
+
(
2
(
Q2 − 41Q + 40
)
Q3 +
(
2Q2 + 29Q − 74
)
α1
)
β52 − 4Q
2
(
12Q2 − 15Q+ 5
)
β42 + 2Q
(
−4Q3 + 37Q2 − 38Q + 5
)
β32
+4(1 − 3Q)2Qβ22 + 6(Q− 1)
2Qβ2 + 4(1 − 3Q)Q
)
β81 +
(
α2
(
4Q2(6Q − 5)α1β
10
2 − 4Q
(
6Q2 − 11Q + 5
)
α1β
9
2
−8Q(3Q − 2)α1β
8
2 − 26Q
4β72 +
(
(59Q − 71)Q3 + (46Q − 48)α1
)
β62 +
(
Q2
(
11Q2 − 97Q + 132
)
− 6(3Q − 4)α1
)
β52
−8Q
(
14Q2 − 29Q + 15
)
β42 +
(
−80Q3 + 197Q2 − 132Q + 25
)
β32 +
(
−8Q3 + 74Q2 − 76Q + 10
)
β22
+3
(
7Q2 − 18Q + 5
)
β2 + 2
(
4Q2 − 9Q + 5
))
− 13Q6β42
)
β71 − α2
(
−2Q
(
4Q2 − 9Q + 5
)
α1β
10
2
+
(
8Q3 − 47Q2 + 82Q− 25
)
α1β
9
2 + 3
(
2Q4 +
(
7Q2 − 43Q+ 40
)
α1
)
β82 +
(
2(19Q − 22)Q3 +
(
8Q2 + 67Q − 97
)
α1
)
β72
+4(Q − 1)
(
3(Q − 4)Q2 − 4α1
)
β62 − 2
(
2Q
(
27Q2 − 52Q + 25
)
+ (20 − 3Q)α1
)
β52 − 4(2 − 3Q)
2Qβ42
+
(
8
(
14Q2 − 29Q + 15
)
+ 13α1
)
β32 + 4
(
12Q2 − 15Q+ 5
)
β22 − 24Q + 20
)
β61 +
(
Q2
(
9Q4β42 + 2(20 − 3Q)Q
2β22
−6Q(3Q − 4)β2 + 2Q
2 + 29Q − 74
)
β22 + α2
(
4(1 − 3Q)Qα1β
10
2 +
(
9Q4 + 2
(
9Q2 − 14Q + 5
)
α1
)
β92
+
((
−6Q2 + 42Q − 20
)
α1 − 9(Q − 1)Q
3
)
β82 +
(
(187 − 105Q)Q2 + (38 − 14Q)α1
)
β72 −
(
3Q
(
16Q2 − 57Q + 55
)
+4(Q + 7)α1)β
6
2 +
(
329Q2 − 690Q + 275
)
β52 + 4
(
27Q2 − 52Q + 25
)
β42 +
(
11Q2 − 97Q+ 132
)
β32
+2
(
Q2 − 41Q + 40
)
β22 + 9β2 − 2Q + 8
))
β51 +
(
β2
(
4Q6β62 − 4Q
4(Q + 7)β42 + 16(Q − 1)Q
3β32 + 2Q
2(23Q − 24)β22
+Q
(
−3Q2 + 95Q − 140
)
β2 − 32Q
2 + 82Q − 50
)
+ α2
(
2Q
(
2Q3 − 3(Q − 1)α1
)
β102 +
(
3
(
2Q2 − 4Q+ 5
)
α1
−4(Q − 1)Q3
)
β92 + 2Q
2(3Q − 19)β82 + 2
(
5Q
(
Q2 + 3Q− 4
)
+ 3(Q− 4)α1
)
β72 + 4
(
Q3 − 19Q2 + 41Q − 25
)
β62
−3
(
16Q2 − 57Q − 3α1 + 55
)
β52 − 12
(
Q2 − 5Q+ 4
)
β42 + (59Q − 71)β
3
2 + 2(7Q − 19)β
2
2 − 6
))
β41
+
(
2Q
(
3Q2 + 2α1
)
α2β
10
2 − 2
(
9Q2 + 5(Q − 1)α1
)
α2β
9
2 +
(
Q
(
−6Q2 + 43Q− 25
)
+ (6Q − 20)α1
)
α2β
8
2
+
(
6Q5 +
(
49Q2 − 290Q + 6α1 + 275
)
α2
)
β72 + 2
(
3(Q − 4)Q4 +
(
5
(
Q2 + 3Q− 4
)
+ 2α1
)
α2
)
β62
+
(
2(19 − 7Q)Q3 + (187 − 105Q)α2
)
β52 +
((
−8Q2 − 67Q + 97
)
Q2 + (44 − 38Q)α2
)
β42 − 26α2β
3
2
+
(
2Q3 + 57Q2 − 240Q + 24α2 + 275
)
β22 +
(
−2Q2 + 61Q − 65
)
β2 − 24Q + 11
)
β31 +
(
2Q2(3Q − 10)α2β
10
2
−2Q
(
3Q2 − 13Q+ 10
)
α2β
9
2 + 16Qα2β
8
2 +
(
2(3Q − 10)Q4 +
(
−6Q2 + 43Q− 25
)
α2
)
β72 + 2(3Q − 19)α2β
6
2
+
(
−2
(
3Q2 − 21Q + 10
)
Q2 − 9(Q − 1)α2
)
β52 − 3
(
Q
(
7Q2 − 43Q + 40
)
+ 2α2
)
β42 − 8Q(3Q − 2)β
3
2 − 75(Q − 1)β
2
2
+(8Q − 38)β2 + 24) β
2
1 + β2
(
−10(Q − 1)Qα2β
9
2 +
(
16Q2 − 32Q + 25
)
α2β
8
2 − 2
(
3Q2 − 13Q+ 10
)
α2β
7
2
−2
(
5(Q − 1)Q3 + 9α2
)
β62 +
(
3Q2
(
2Q2 − 4Q+ 5
)
− 4(Q− 1)α2
)
β52 +
(
2Q
(
9Q2 − 14Q+ 5
)
+ 9α2
)
β42
+
(
−8Q3 + 47Q2 − 82Q+ 25
)
β32 − 4
(
6Q2 − 11Q + 5
)
β22 +
(
2Q2 − 10Q + 17
)
β2 + 6(Q − 1)
)
β1
+ 2β2
(
2Qα2β
9
2 − 5(Q − 1)α2β
8
2 + (3Q − 10)α2β
7
2 +
(
2Q3 + 3α2
)
β62 +
(
2α2 − 3(Q − 1)Q
2
)
β52
+2(1 − 3Q)Qβ42 +
(
4Q2 − 9Q+ 5
)
β32 + 2(6Q − 5)β
2
2 − (Q− 4)β2 − 3
) ]
,
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V 2,3(α1, β1, α2, β2;Q) =
24(Q − 4)α21α
3
2β
9
2β
9
1 − 6Q
(
4Q2 − 23Q+ 25
)
α1α
3
2β
9
2β
9
1 − 2
(
61Q3 − 447Q2 + 975Q − 625
)
α21α
2
2β
9
2β
9
1
+ 36Q5α1α
2
2β
9
2β
9
1 + 18(Q − 1)Q
4α1α
2
2β
8
2β
9
1 − 90(Q − 1)Qα1α
3
2β
7
2β
9
1 + 36Q
3
(
Q2 − 6Q+ 5
)
α1α
2
2β
7
2β
9
1
− 6Q2
(
16Q2 − 35Q + 25
)
α1α
2
2β
6
2β
9
1 − 18Q
2
(
Q2 + 4Q − 5
)
α1α
2
2β
5
2β
9
1 + 9Q
(
3Q2 − 28Q+ 25
)
α1α
2
2β
4
2β
9
1
+ 18(5 − 3Q)Q2α1α
2
2β
3
2β
9
1 + (132 − 24Q)α
2
1α
3
2β
9
2β
8
1 + 6Q
(
4Q2 − 21Q+ 35
)
α1α
3
2β
9
2β
8
1 +
(
82Q3 − 1185Q2
+3120Q − 2125)α21α
2
2β
9
2β
8
1 + 12Q
4(14Q − 23)α1α
2
2β
9
2β
8
1 + 4
(
10Q3 + 3Q2 − 63Q + 50
)
α21α
2
2β
8
2β
8
1
− 6Q3
(
37Q2 − 92Q + 55
)
α1α
2
2β
8
2β
8
1 + 54(Q − 1)Qα1α
3
2β
7
2β
8
1 − 6Q
2
(
6Q3 − 14Q2 − 17Q+ 25
)
α1α
2
2β
7
2β
8
1
+ 6Q
(
16Q3 − 98Q2 + 225Q − 125
)
α1α
2
2β
6
2β
8
1 + 6Q
(
9Q3 − 32Q2 + 73Q− 50
)
α1α
2
2β
5
2β
8
1 − 9Q
(
17Q2 − 52Q
+35)α1α
2
2β
4
2β
8
1 − 6Q
(
Q2 − 33Q + 50
)
α1α
2
2β
3
2β
8
1 − 36α
2
1α
3
2β
9
2β
7
1 + 20
(
Q2 − 5Q − 5
)
α1α
3
2β
9
2β
7
1
− 3
(
8Q3 − 163Q2 + 518Q − 375
)
α21α
2
2β
9
2β
7
1 + 2Q
3
(
47Q2 − 487Q + 530
)
α1α
2
2β
9
2β
7
1 + 6
(
4Q3 − 43Q2 + 104Q
−65)α21α
2
2β
8
2β
7
1 +Q
2
(
−94Q3 + 1167Q2 − 2448Q + 1375
)
α1α
2
2β
8
2β
7
1 + 12
(
Q2 + 4Q− 5
)
α1α
3
2β
7
2β
7
1
+ 12
(
4Q2 − 5Q+ 1
)
α21α
2
2β
7
2β
7
1 +Q
(
−373Q3 + 2013Q2 − 3015Q + 1375
)
α1α
2
2β
7
2β
7
1 + 2
(
72Q3 + 163Q2
−950Q + 625)α1α
2
2β
6
2β
7
1 − 2
(
6Q4 + 10Q3 + 9Q2 + 225Q − 250
)
α1α
2
2β
5
2β
7
1 + 6
(
7Q3 + 23Q2 − 55Q
+25)α1α
2
2β
4
2β
7
1 + 20
(
Q3 + 8Q2 − 25Q+ 25
)
α1α
2
2β
3
2β
7
1 − 12Q
3
(
2Q2 − 7Q + 5
)
α32β
9
2β
6
1 + 4
(
6Q3 − 26Q2
−8Q+ 55)α1α
3
2β
9
2β
6
1 + 24
(
5Q2 − 18Q + 10
)
α21α
2
2β
9
2β
6
1 + 2Q
2
(
−61Q3 + 256Q2 − 338Q + 125
)
α1α
2
2β
9
2β
6
1
+ 36Q7α1α2β
9
2β
6
1 + 54(Q − 1)Q
6α22β
8
2β
6
1 − 12
(
10Q2 − 57Q + 38
)
α21α
2
2β
8
2β
6
1 +Q
(
−40Q4 + 438Q3 − 2451Q2
+5320Q − 3375)α1α
2
2β
8
2β
6
1 + 12Q
6(14Q − 23)α1α2β
8
2β
6
1 − 36(Q − 1)Q
3α32β
7
2β
6
1 − 36(3Q − 2)α
2
1α
2
2β
7
2β
6
1
+ 18Q5
(
2Q2 − 7Q+ 5
)
α22β
7
2β
6
1 −
(
24Q5 − 204Q4 + 329Q3 + 915Q2 − 1725Q + 625
)
α1α
2
2β
7
2β
6
1
+ 2Q5
(
47Q2 − 433Q + 476
)
α1α2β
7
2β
6
1 − 72(Q − 1)α
2
1α
2
2β
6
2β
6
1 − 12Q
4
(
17Q2 − 37Q + 20
)
α22β
6
2β
6
1
+ 2
(
68Q4 + 67Q3 − 1261Q2 + 2055Q − 875
)
α1α
2
2β
6
2β
6
1 − 2Q
4
(
245Q2 − 745Q + 554
)
α1α2β
6
2β
6
1
− 36Q4
(
2Q2 − 3Q+ 1
)
α22β
5
2β
6
1 + 2
(
24Q4 − 50Q3 − 90Q2 + 441Q − 325
)
α1α
2
2β
5
2β
6
1 + 18Q
3
(
3Q2 − 8Q
+5)α22β
4
2β
6
1 − 24(Q − 1)
2(2Q − 5)α1α
2
2β
4
2β
6
1 + 36(Q − 1)Q
4α22β
3
2β
6
1 − 4
(
6Q3 + 19Q2 − 98Q + 100
)
α1α
2
2β
3
2β
6
1
− 90(Q − 1)Q5α2β
2
2β
6
1 + 36(Q − 1)Q
4α2β
6
1 − 18Q
4
(
2Q2 − 7Q + 5
)
α2β2β
6
1 + 12
(
Q2 + 10Q − 11
)
α1α
3
2β
9
2β
5
1
+ 12
(
4Q2 − 17Q + 13
)
α21α
2
2β
9
2β
5
1 +Q
(
−323Q3 + 1593Q2 − 2145Q + 875
)
α1α
2
2β
9
2β
5
1 − 24
(
2Q2 − 13Q
+11)α21α
2
2β
8
2β
5
1 +
(
206Q4 − 2094Q3 + 6888Q2 − 8750Q + 3750
)
α1α
2
2β
8
2β
5
1 − 36(Q − 1)α1α
3
2β
7
2β
5
1
− 108(Q − 1)α21α
2
2β
7
2β
5
1 − 12
(
2Q4 − 58Q3 + 241Q2 − 310Q + 125
)
α1α
2
2β
7
2β
5
1 + 243Q
4
(
Q2 − 4Q + 3
)
α1α2β
7
2β
5
1
+ 288(Q − 1)Qα1α
2
2β
6
2β
5
1 −Q
3
(
188Q3 − 891Q2 + 588Q + 115
)
α1α2β
6
2β
5
1 + 8
(
13Q3 − 9Q2 + 6Q− 10
)
α1α
2
2β
5
2β
5
1
− 2Q2
(
319Q3 − 1755Q2 + 2661Q − 1225
)
α1α2β
5
2β
5
1 − 18
(
7Q2 − 16Q+ 9
)
α1α
2
2β
4
2β
5
1 − 24
(
4Q2 +Q− 5
)
α1α
2
2β
3
2β
5
1
+ 4Q
(
14Q3 − 21Q2 − 18Q + 25
)
α32β
9
2β
4
1 − 12
(
4Q2 − 17Q + 13
)
α1α
3
2β
9
2β
4
1 − 108(Q − 1)Q
5α22β
9
2β
4
1
− 72(Q − 1)α21α
2
2β
9
2β
4
1 + 2
(
130Q4 − 749Q3 + 1944Q2 − 2575Q + 1250
)
α1α
2
2β
9
2β
4
1 − 126(Q − 1)Q
5α1α2β
9
2β
4
1
+ 72(Q − 1)α21α
2
2β
8
2β
4
1 − 18Q
4
(
5Q2 − 16Q + 11
)
α22β
8
2β
4
1 +
(
64Q4 − 349Q3 + 315Q2 + 845Q − 875
)
α1α
2
2β
8
2β
4
1
− 6Q4
(
41Q2 − 127Q + 86
)
α1α2β
8
2β
4
1 + 12Q
(
Q2 + 4Q − 5
)
α32β
7
2β
4
1 − 6Q
3
(
10Q3 − 87Q2 + 132Q − 55
)
α22β
7
2β
4
1
+ 6
(
8Q4 − 73Q3 + 259Q2 − 319Q + 125
)
α1α
2
2β
7
2β
4
1 − 2Q
3
(
100Q3 − 861Q2 + 1566Q − 805
)
α1α2β
7
2β
4
1
+ 4Q2
(
77Q3 − 147Q2 + 45Q + 25
)
α22β
6
2β
4
1 +
(
−208Q3 + 708Q2 − 540Q + 40
)
α1α
2
2β
6
2β
4
1 + 6Q
2
(
145Q3 − 439Q2
+419Q − 125)α1α2β
6
2β
4
1 + 12Q
2
(
10Q3 − 31Q2 + 26Q− 5
)
α22β
5
2β
4
1 − 6
(
16Q3 − 87Q2 + 132Q − 61
)
α1α
2
2β
5
2β
4
1
+Q
(
400Q4 − 2773Q3 + 6543Q2 − 6295Q + 2125
)
α1α2β
5
2β
4
1 − 6Q
(
15Q3 − 17Q2 − 23Q+ 25
)
α22β
4
2β
4
1
+ 48
(
Q2 − 5Q+ 4
)
α1α
2
2β
4
2β
4
1 + 72(Q − 1)Q
5α2β
4
2β
4
1 − 2(Q − 1)
2
(
53Q2 + 350Q − 625
)
α1α2β
4
2β
4
1
− 60(Q − 1)2Q2α22β
3
2β
4
1 + 12
(
4Q2 − 17Q + 13
)
α1α
2
2β
3
2β
4
1 + 108(Q − 1)Q
4α2β
3
2β
4
1 + 30Q
3
(
5Q2 − 16Q + 11
)
α2β
2
2β
4
1
− 60(Q − 1)2Q2α2β
4
1 + 30(Q − 1)
2Q2(2Q − 5)α2β2β
4
1 + 6Q
(
14Q2 − 43Q+ 35
)
α32β
9
2β
3
1 − 24(4Q − 7)α1α
3
2β
9
2β
3
1
− 36Q4α22β
9
2β
3
1 − 24(Q − 4)α
2
1α
2
2β
9
2β
3
1 +
(
700Q3 − 4164Q2 + 7320Q − 4000
)
α1α
2
2β
9
2β
3
1 − 36Q
4(3Q− 2)α1α2β
9
2β
3
1
+ 12(2Q − 11)α21α
2
2β
8
2β
3
1 − 27Q
3
(
7Q2 − 22Q + 15
)
α22β
8
2β
3
1 +
(
8Q3 + 819Q2 − 2244Q + 1525
)
α1α
2
2β
8
2β
3
1
− 6Q3
(
93Q2 − 266Q + 155
)
α1α2β
8
2β
3
1 + 54(Q − 1)Qα
3
2β
7
2β
3
1 + 36α
2
1α
2
2β
7
2β
3
1 − 9Q
2
(
14Q3 − 51Q2 + 62Q − 25
)
α22β
7
2β
3
1
50
+
(
116Q3 − 597Q2 + 1260Q − 815
)
α1α
2
2β
7
2β
3
1 + 2Q
2
(
−348Q3 + 2122Q2 − 3239Q + 1375
)
α1α2β
7
2β
3
1
+ 6Q
(
117Q3 − 386Q2 + 400Q − 125
)
α22β
6
2β
3
1 − 12
(
31Q2 − 60Q+ 23
)
α1α
2
2β
6
2β
3
1 − 36Q
6α2β
6
2β
3
1
+ 2Q
(
47Q4 + 758Q3 − 4147Q2 + 5985Q − 2625
)
α1α2β
6
2β
3
1 + 12Q
(
25Q3 − 69Q2 + 69Q − 25
)
α22β
5
2β
3
1
− 12
(
23Q2 − 49Q + 26
)
α1α
2
2β
5
2β
3
1 + 72(Q − 1)Q
5α2β
5
2β
3
1 +
(
1859Q4 − 10557Q3 + 19323Q2 − 14375Q
+3750)α1α2β
5
2β
3
1 − 9Q
(
9Q2 − 44Q + 35
)
α22β
4
2β
3
1 + 72(Q − 1)α1α
2
2β
4
2β
3
1 + 126(Q − 1)Q
4α2β
4
2β
3
1
− 2
(
100Q4 − 592Q3 + 1827Q2 − 2710Q + 1375
)
α1α2β
4
2β
3
1 − 6Q
(
29Q2 − 73Q + 50
)
α22β
3
2β
3
1 + 24(7Q − 10)α1α
2
2β
3
2β
3
1
+ 12Q3
(
4Q2 − 11Q + 10
)
α2β
3
2β
3
1 − 4
(
200Q3 − 1041Q2 + 1623Q − 800
)
α1α2β
3
2β
3
1 + 9Q
2
(
17Q2 − 42Q + 25
)
α2β
2
2β
3
1
− 6Q
(
29Q2 − 73Q+ 50
)
α2β
3
1 + 6Q
(
29Q3 − 129Q2 + 225Q − 125
)
α2β2β
3
1 − 2
(
20Q3 + 24Q2 − 165Q + 175
)
α32β
9
2β
2
1
+ 12(2Q − 11)α1α
3
2β
9
2β
2
1 + 6Q
3
(
33Q2 − 100Q + 85
)
α22β
9
2β
2
1 − 3
(
46Q3 − 385Q2 + 928Q − 625
)
α1α
2
2β
9
2β
2
1
+ 18Q3
(
3Q2 − 13Q + 10
)
α1α2β
9
2β
2
1 + 12Q
3
(
2Q2 − 13Q + 11
)
α22β
8
2β
2
1 − 12(Q − 1)
2(2Q − 5)α1α
2
2β
8
2β
2
1
+ 6Q2
(
15Q3 − 37Q2 + 47Q − 25
)
α1α2β
8
2β
2
1 − 90(Q − 1)α
3
2β
7
2β
2
1 + 2Q
(
20Q4 − 2Q3 − 423Q2 + 655Q − 250
)
α22β
7
2β
2
1
− 12
(
2Q3 − 17Q2 + 52Q − 37
)
α1α
2
2β
7
2β
2
1 − 162(Q − 1)Q
6α2β
7
2β
2
1 +Q
(
114Q4 − 1015Q3 + 2541Q2 − 3015Q
+1375)α1α2β
7
2β
2
1 − 2
(
28Q4 + 124Q3 − 798Q2 + 1325Q − 625
)
α22β
6
2β
2
1 + 12
(
6Q2 − 37Q + 22
)
α1α
2
2β
6
2β
2
1
− 6Q5(7Q − 25)α2β
6
2β
2
1 +
(
−222Q4 + 1015Q3 − 2535Q2 + 2475Q − 625
)
α1α2β
6
2β
2
1 − 10(Q − 1)
2
(
8Q2 + 15Q
−50)α22β
5
2β
2
1 + 24
(
2Q2 − 13Q+ 11
)
α1α
2
2β
5
2β
2
1 + 324(Q − 1)
2Q4α2β
5
2β
2
1 − 2
(
114Q4 − 946Q3 + 2817Q2 − 3360Q
+1375)α1α2β
5
2β
2
1 +
(
−48Q3 + 423Q2 − 900Q + 525
)
α22β
4
2β
2
1 + 18Q
3
(
26Q2 − 71Q + 45
)
α2β
4
2β
2
1 − 12
(
10Q3
−97Q2 + 212Q − 125
)
α1α2β
4
2β
2
1 + 2
(
20Q3 + 9Q2 − 225Q + 250
)
α22β
3
2β
2
1 + (132 − 24Q)α1α
2
2β
3
2β
2
1 − 6Q
2
(
27Q3
−117Q2 + 233Q − 125
)
α2β
3
2β
2
1 + 3
(
38Q3 − 313Q2 + 694Q − 455
)
α1α2β
3
2β
2
1 − 2Q
(
41Q3 + 114Q2 − 405Q
+250)α2β
2
2β
2
1 + 12
(
2Q2 − 13Q + 11
)
α1α2β
2
2β
2
1 + 2
(
20Q3 + 9Q2 − 225Q + 250
)
α2β
2
1 +
(
−40Q4 − 161Q3
+1476Q2 − 2525Q + 1250
)
α2β2β
2
1 +
(
−80Q2 + 40Q + 220
)
α32β
9
2β1 + 36α1α
3
2β
9
2β1 + 2Q
2
(
88Q2 − 53Q
−125)α22β
9
2β1 − 3
(
61Q2 − 194Q + 145
)
α1α
2
2β
9
2β1 + 45Q
2
(
3Q2 − 8Q + 5
)
α1α2β
9
2β1 +Q
(
184Q3 − 1629Q2
+3570Q − 2125)α22β
8
2β1 − 12
(
5Q2 − 28Q+ 23
)
α1α
2
2β
8
2β1 + 3Q
(
47Q3 − 272Q2 + 475Q − 250
)
α1α2β
8
2β1
+ 5
(
12Q4 − 43Q3 − 39Q2 + 195Q − 125
)
α22β
7
2β1 − 36(Q − 1)
2α1α
2
2β
7
2β1 +
(
151Q4 − 1007Q3 + 2631Q2 − 3025Q
+1250)α1α2β
7
2β1 − 10
(
22Q3 + 71Q2 − 286Q + 175
)
α22β
6
2β1 + 36(3Q − 2)α1α
2
2β
6
2β1 − 2Q
4
(
47Q2 − 325Q
+368)α2β
6
2β1 +
(
24Q4 − 437Q3 + 1467Q2 − 1215Q + 125
)
α1α2β
6
2β1 +
(
−76Q3 + 24Q2 + 702Q − 650
)
α22β
5
2β1
+ 72(Q − 1)α1α
2
2β
5
2β1 − 15Q
3
(
29Q2 − 100Q + 71
)
α2β
5
2β1 − 6
(
41Q3 − 219Q2 + 303Q − 125
)
α1α2β
5
2β1
− 24
(
Q2 + 4Q− 5
)
α22β
4
2β1 + 2Q
2
(
100Q3 − 717Q2 + 1242Q − 625
)
α2β
4
2β1 − 24
(
2Q3 − 11Q2 + 19Q − 10
)
α1α2β
4
2β1
+ 4
(
2Q2 + 53Q − 100
)
α22β
3
2β1 − 36α1α
2
2β
3
2β1 + 2Q
(
436Q3 − 2581Q2 + 4235Q − 2000
)
α2β
3
2β1 + 3
(
Q2 − 32Q
+43)α1α2β
3
2β1 + 162(Q − 1)Q
5β22β1 +
(
−114Q4 + 829Q3 − 1815Q2 + 1725Q − 625
)
α2β
2
2β1 + 24
(
Q2 − 5Q
+4)α1α2β
2
2β1 + 4
(
2Q2 + 53Q− 100
)
α2β1 − 72(Q − 1)Q
4β2β1 +
(
−179Q3 + 519Q2 − 465Q + 125
)
α2β2β1
+ 36(Q − 1)α1α2β2β1 − 4
(
4Q2 − 50Q + 73
)
α32β
9
2 + 2Q
(
46Q3 − 493Q2 + 965Q − 500
)
α22β
9
2 − 24(Q − 4)α1α
2
2β
9
2
− 36Q6α2β
9
2 + 18(5 − 3Q)Q
2α1α2β
9
2 + 2
(
8Q4 − 168Q3 + 1464Q2 − 3125Q + 1875
)
α22β
8
2 + 12(2Q − 11)α1α
2
2β
8
2
+ 12(14 − 5Q)Q5α2β
8
2 − 6Q
(
Q2 − 33Q + 50
)
α1α2β
8
2 +
(
16Q4 − 228Q3 + 981Q2 − 1180Q + 375
)
α22β
7
2
+ 36α1α
2
2β
7
2 − 2Q
4
(
38Q2 − 361Q + 413
)
α2β
7
2 + 20
(
Q3 + 8Q2 − 25Q + 25
)
α1α2β
7
2 +
(
−48Q3 + 548Q2
−1108Q + 500)α22β
6
2 + 2Q
3
(
145Q2 − 692Q + 655
)
α2β
6
2 − 4
(
6Q3 + 19Q2 − 98Q + 100
)
α1α2β
6
2 +
(
−32Q3
+348Q2 − 1086Q + 770
)
α22β
5
2 +Q
2
(
152Q3 − 873Q2 + 696Q + 25
)
α2β
5
2 − 24
(
4Q2 +Q− 5
)
α1α2β
5
2 − 76Q
4
+ 72(Q − 1)α22β
4
2 + 2Q
(
−92Q3 + 327Q2 − 360Q + 125
)
α2β
4
2 + 12
(
4Q2 − 17Q+ 13
)
α1α2β
4
2 + 518Q
3 + 36Q5β32
+ 4
(
4Q2 − 32Q + 55
)
α22β
3
2 +
(
−76Q4 − 298Q3 + 4088Q2 − 7500Q + 3750
)
α2β
3
2 + 24(7Q − 10)α1α2β
3
2 − 550Q
2
− 6Q4(17Q + 1)β22 +
(
98Q3 − 651Q2 + 1320Q − 875
)
α2β
2
2 + (132 − 24Q)α1α2β
2
2 + 4
(
4Q2 − 32Q + 55
)
α2
+ 2Q3
(
38Q2 − 253Q + 305
)
β2 +
(
−16Q3 + 315Q2 − 888Q + 625
)
α2β2 − 36α1α2β2 .
In terms of these polynomials, the numerator of the kernel B2,3(α1, β1, α2, β2;Q)
is of degree one in αµ and degree 13 in βµ for µ = 1, 2, while the denominator of
B2,3(α1, β1, α2, β2;Q) is of degree three in αµ and degree nine in βµ for µ = 1, 2.
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B Annulus instantons from localization
The aim of this section is to calculate on the resolved conifold some leading order
annulus instanton numbers for the branes associated to the torus knots Kr,s directly
by means of localization on the relevant space of stable maps with two boundaries
on the branes Lr,s along the lines of ref. [28]. We extend the results of ref. [28] by
simultaneously considering the brane Lr,s and the image brane ι∗Lr,s of the involu-
tion (2.37). That is to say we want to compute the open Gromov–Witten invariants
that are schematically given by
A
(Lr,s,Lr,s)
g,d,h1,h2
=
∫
Mg,d,h1,h2 (X;Lr,s
∐
Lr,s)vir
1 , (B.1)
A
(Lr,s,ι∗Lr,s)
g,d,h1,h2
=
∫
Mg,d,h1,h2 (X;Lr,s∪ι∗Lr,s)
vir
1 . (B.2)
Here A
(Lr,s,Lr,s)
g,d,h1,h2
and A
(Lr,s,ι∗Lr,s)
g,d,h1,h2
enumerate the genus g stable maps fg : Ann→ X from
the annulus Ann to the resolved conifold X with fg[Ann] = d[P
1] + h1[S
1] + h2[S
1] in
the relative homology classes H2(X,Lr,s
∐
Lr,s) and H2(X,Lr,s∪ ι∗Lr,s), respectively.
Here the former integral enumerates annulus instantons with both boundaries on the
brane Lr,s, while the latter integral counts the annulus instantons stretching between
the branes Lr,s and ι∗Lr,s.
To evaluate the integrals (B.1) and (B.2), as pioneered in ref. [56] we take ad-
vantage of the Atiyah–Bott fixed point formula and localize on the fixed point locus
with respect to the C∗ symmetries in the moduli spaces Mg,d,h1,h2, which are induced
from the C∗-action of the toric description of the resolved conifold description. Then
evaluating the above integrals — which in this case are of virtual dimension zero —
amounts to summing over suitable C∗-equivariant characters defined on the fixed point
loci. In practice these fixed point loci can represented in terms of graphs, to which
one then assigns the corresponding equivariant classes. For details on this somewhat
technical construction we refer the reader to refs. [28, 56–60].
To evaluate the integrals (B.1) and (B.2) explicitly, we first need to assemble
the relevant equivariant classes associated to the fixed point loci depicted by graphs.
For the given geometry X with the torus knot branes Lr,s a detailed derivation of
the various contributions has been given in the existing literature, and therefore we
simply collect the necessary ingredients here.
B.1 Weights of the equivariant classes
The fixed point loci of the resolved conifold with respect to the C∗ symmetries are
given by its toric skeleton, to which we assign the following vertices and weights as
in Figure 6a. This means that we assign to the vertices the weights λ1 and λ2, which
arise from the C∗-action on the homogeneous coordinates [x1 : x2] of the P1-cycle of
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1
ι∗Lr,s
Lr,s
(c)
Figure 6: The figure (a) shows the weights assigned to the toric skeleton of the resolved
conifold. In figure (b) we exhibit the location of the toric brane L1,0, while figure (c)
schematically depicts the torus knot branes Lr,s.
the resolved conifold. Then the other weights are the weights of the local coordinates
(ζ = x2
x1
, u, v), where u and v are the fiber coordinates in the local patch ζ with
assigned weights λu and λv, respectively. Note that we have the relations λζ = λ2−λ1
and λz = −λζ = λ1 − λ2 due to the coordinate transformation z = ζ
−1 = x1
x2
to the
other local patch of P1.
The relevant graphs associated to closed string Gromov–Witten invariants can be
assembled from graphs with vertices and edges. The equivariant class i
∗φ
e(Nvir)
assigned
to such a closed-string graph of the resolved conifold geometry is given in terms of
the above weights as [56, 61]
i∗φ
e(Nvir)
=
∏
e
(−1)de
(de!)2 λ
2de
ζ
∏
ν
∏
j 6=i(ν)
(λi(ν) − λj)
val(ν)−1
·
∏
ν

(∑
F w
−1
F
)val(ν)−3
·
∏
F∋ν w
−1
F g(ν) = 0∏
j 6=i(ν) Pg(ν)(λi(ν) − λj(ν),E
∗) ·
∏
F∋ν
1
wF−ψν,F
g(ν) > 0
·
∏
ν
((−λu + λ1 − λν)(−λv + λ1 − λν))
val(ν)−1
·
∏
ν
Pg(ν)(−λu + λ1 − λν ,E
∗)Pg(ν)(−λv + λ1 − λν ,E
∗)
·
∏
e
∏
a,b<0
a+b=−de
(
λu + λ1 +
aλ1 + bλ2
de
)(
λv + λ1 +
aλ1 + bλ2
de
)
.
(B.3)
Here the products are taken over the edges e and the vertices ν of the graph. de
denotes the degree of an edge, while val(ν) describes the valence of a vertex, and
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wF =
λi(F )−λj(F )
dF
is the flag of degree dF with respect to the vertices i(F ) and j(F )
of the flag F [56]. Furthermore, g(ν) is the genus of a component mapped by fg
to the vertex ν, and Pg(λ,E∗) denotes the Chern class of the rank g dual Hodge
bundle E∗ [62–64]
Pg(λ,E
∗) =
g∑
k=0
λkcg−k(E
∗) = (−1)g
g∑
k=0
(−λ)kcg−k(E) . (B.4)
Here we use that the Hodge bundle E obeys ck(E∗) = (−1)kck(E).
The open-string graphs — which are of interest to us so as to the evalutation of the
integrals (B.1) and (B.2) — are further decorated by adding legs to the closed-string
graphs to capture the boundary components of the Gromov–Witten invariants. First
we briefly recall the result for the unknot brane L1,0 [58–60]. Let us consider a disk
contribution along the edge associated to the local coordinate u attached to the brane
L1,0 as shown in Figure 6b. To be specific a component of winding h is mapped to
the resolved conifold according to
f : Dh → U ⊂ X, t 7→ (ζ, u, v) = (0, t
h, 0) . (B.5)
Here U is the local coordinate patch of X . The weight contribution of such a disk
component Dh is graphically described by a leg ℓ(h) attached to a closed-string graph.
The equivariant class of such a leg reads
ℓ(h) = −
∏h−1
k=1 (k λu + hλz)
(h− 1)!λhu
, (B.6)
where the flag of the diskDh is given by wF (Dh) = −
λu
h
. Note that the presence of the
brane, which realizes the boundary condition of the open Gromov–Witten invariant
breaks part of the C∗ symmetries of the resolved conifold [58–60]. As a consequence,
in the presence of a brane also the symmetries on the corresponding moduli space of
stable maps are reduced, which gives rise to relations among the weights. For the
unknot toric brane depicted in Figure 6b the corresponding relations read [58–60]
−λz = λζ = a λu , λv =
1− a
a
λz = (a− 1)λu , (B.7)
where the integer a relates to the framing in eq. (2.1) of the Lagrangian brane of the
unknot according to f = 1− a.
Let us now turn to the leg contribution of the image unknot brane ι∗L1,0. Note that
the weights entering the image component ι∗Dh are give by λι∗z = −λz, λι∗u = λu+λz,
and λι∗v = λv + λz. Expressing the weight constraints (B.7) in terms of the image
weights λι∗z, λι∗u, and λι∗v yields −λι∗z = a λι∗v and λι∗u = (a − 1)λι∗v, where
the weights for the two line bundles get exchanged. In order to preserve the same
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C∗ symmetries for both disk components Dh and ι∗Dh, we compensate this exchange
in the image leg contribution accordingly. In terms of λz, λu and λv we therefore
arrive at
ι∗ℓ(h) = −
∏h−1
k=1 (k (λv + λz)− hλz)
(h− 1)! (λv + λz)h
. (B.8)
Imposing the constraints (B.7), the image brane ι∗L1,0 is now in the same framing.
The flag of the image disk ι∗Dh reads wF (ι∗Dh) = −
λv+λz
h
. Note that this structure
of the weights of legs and flags ensures that diagrams are manifest invariant with
respect to the involution ι after inserting the constraints (B.7).22
Our main interest here, however, is on the branes Lr,s associated to non-trivial
torus knots Kr,s. A localization scheme for these branes has carefully been worked
out in ref. [28]. Schematically, the toric skeleton together with these Lagrangian
branes Lr,s and ι∗Lr,s are depicted in Figure 6c. Embedding the disk component Ds
according to23
f : Ds → U ⊂ X, t 7→ (ζ, u, v) = (0, t
s, tr) , 1 ≤ s < r , (B.9)
which describes a disk component of winding one with its boundary mapped to the
brane Lr,s [28]. The leg contribution of such a disk component turns out to be also
given by the formula (B.6). However, the C∗ symmetries broken by the presence of
the branes Lr,s and ι∗Lr,s are distinct. This is reflected on the modified constraints
on the weights [28]
−λz = λζ =
a
s
λu , λv = −
r
a
λz =
r
s
λu , a = r + s . (B.10)
Here we do not have a choice for the framing a. In order to still be able to apply the
localization technique with respect to an unbroken symmetry, we are required to fix the
integer a as stated. Geometrically, this amounts to choosing the canonical framing
r · s for the torus knot branes Lr,s. Note that higher order windings h are simply
calculated by considering the leg contributions ℓ(s ·h) (with the same relations (B.10)
on the weights). As for the unknot, we can realize a disk component of winding h
on the image brane ι∗Lr,s by considering the leg contribution ι∗ℓ(s · h) together with
the same constraint (B.10), which again ensure that diagrams are manifest symmetric
with respect to the involutive symmetry ι.
22We would like to thank the referee for pointing out to us the involutive symmetry on the level
of diagrams. It allowed us to fix an error in eq. (B.8) in a previous version of this manuscript.
23For technical reasons the coprime integers r and s must obey 1 ≤ s < r [28].
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B.2 Annulus instanton numbers for some torus knots
In order to check some results in the main text, we evaluate the following annulus
numbers explicitly (for 1 ≤ s < r)
A
(Lr,s,Lr,s)
0,0,h1,h2
=
[
ℓ(sh1)
←−−−−−−•
ℓ(sh2)
−−−−−−→
]∣∣∣
sλz=−(r+s)λu
,
A
(Lr,s,Lr,s)
0,1,h1,h2
=

ℓ(sh1)
←−−−−−−•
•
d=1
ℓ(sh2)
−−−−−−→
∣∣∣∣∣∣
sλz=−(r+s)λu
,
A
(Lr,s,ι∗Lr,s)
0,1,h1,h2
=
[
ι∗ℓ(sh1)
←−−−−−−• d=1 •
ℓ(sh2)
−−−−−−→
]∣∣∣
sλz=−(r+s)λu
,
(B.11)
where h1 and h2 denote the winding numbers at the two boundary components. The
first two amplitude enumerate annulus instantons with boundaries only on the branes
Lr,s of degree zero and one, while the last amplitude calculate stretched annulus
numbers for degree one between the branes Lr,s and ι∗Lr,s.
Note also that the annulus numbers A
(Lr,s,Lr,s)
0,0,h1,h2
could be rational, if h1 and h2 have
a non-trivial common multiple. In this case the instanton numbers are determined
by taking into account the multi-covering contributions, which then enumerates the
integral annulus instanton numbers. The other two amplitudes cannot contain any
multi-covering contributions as they are all of degree one. As a result they are expected
to directly yield the integral annulus numbers.
To easily compare with the numbers obtained from the calibrated annulus kernel,
we actually present the numbers multiplied by h1 ·h2, i.e., A˜g,d,h1,h2 = h1h2Ag,d,h1,h2.
24
For the branes L3,2, L5,2 and L4,3 (in the framing 6, 10, and 12), respectively, we find
24The calibrated annulus kernel integrated to the annulus amplitude A
(0)
2 — as for instance in
eq. (3.6) — gives rise to the annulus instanton numbers Ag,d,h1,h2 . The expansion numbers from the
calibrated annulus kernel are annulus instanton numbers multiplied by h1 · h2 and hence should be
compared to A˜g,d,h1,h2 .
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then from the above graphs the explicit numbers
A˜
(L3,2,L3,2)
0,0,h1,h2
h1=1 2 3 4
h2=1 60 1 680 45 045 1 209 312
2 1 680 52 920 1 513 512 42 325 920
3 45 045 1 513 512 45 090 045 1 296 987 120
A˜
(L3,2,L3,2)
0,1,h1,h2
h1=1 2 3 4
h2=1 144 6 048 216 216 7 255 872
2 6 048 254 016 9 081 072 304 746 624
3 216 216 9 081 072 324 648 324 10 894 691 808
A˜
(L3,2,ι∗L3,2)
0,1,h1,h2
h1=1 2 3 4
h2=1 −9 −168 −3 861 −95 472
2 −168 −3 136 −72 072 −1 782 144
3 −3 861 −72 072 −1 656 369 −40 957 488 (B.12)
A˜
(L5,2,L5,2)
0,0,h1,h2
h1=1 2 3 4
h2=1 315 20 020 1 220 940 74 594 520
2 20 020 1 431 430 93 117 024 5 926 120 200
3 1 220 940 93 117 024 6 309 817 920 413 040 513 600
A˜
(L5,2,L5,2)
0,1,h1,h2
h1=1 2 3 4
h2=1 900 85 800 6 976 800 532 818 000
2 85 800 8 179 600 665 121 600 50 795 316 000
3 6 976 800 665 121 600 54 084 153 600 4 130 405 136 000
A˜
(L5,2,ι∗L5,2)
0,1,h1,h2
h1=1 2 3 4
h2=1 −25 −1 100 −58 140 −3 289 000
2 −1 100 −48 400 −2 558 160 −144 716 000
3 −58 140 −2 558 160 −135 210 384 −7 648 898 400 (B.13)
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A˜
(L4,3,L4,3)
0,0,h1,h2
h1=1 2 3 4
h2=1 1 050 120 120 13 226 850 1 460 244 240
2 120 120 15 459 444 1 815 781 968 208 814 926 320
3 13 226 850 1 815 781 968 222 158 172 600 26 278 138 130 400
A˜
(L4,3,L4,3)
0,1,h1,h2
h1=1 2 3 4
h2=1 3 600 617 760 90 698 400 12 516 379 200
2 617 760 106 007 616 15 563 845 440 2 147 810 670 720
3 90 698 400 15 563 845 440 2 285 055 489 600 315 337 657 564 800
A˜
(L4,3,ι∗L4,3)
0,1,h1,h2
h1=1 2 3 4
h2=1 −100 −7 920 −755 820 −77 261 600
2 −7 920 −627 264 −59 860 944 −6 119 118 720
3 −755 820 −59 860 944 −5 712 638 724 −583 958 625 120
(B.14)
Note that the symmetry A˜
(Lr,s,ι∗Lr,s)
0,1,h1,h2
= A˜
(Lr,s,ι∗Lr,s)
0,1,h2,h1
for the stretched annulus numbers
in the tables demonstrates the involutive symmetry ι.
C Composite representations and stretched annuli
In Section 2.6, we found the generating function of stretched annulus amplitudes (2.39)
from the B-model perspective. In this section, we calculate the stretched annulus
amplitudes from the perspective of Chern–Simons theory.
The most general irreducible representation of U(N) is characterized by a pair of
Young tableaux. The composite representation [µ, ν] is then defined as (for a review
on the subject see for instance [42])
[µ, ν] ≡
∑
ρ,α,β
(−1)|ρ|NµραN
ν
ρtβ (α⊗ β¯) , (C.1)
where β¯ is the conjugate representation associated with representation β, ρt denotes
the transposed Young tableau associated with ρ, and Nµρα are the standard Littlewood-
Richardson coefficients. Notice that the sums in (C.1) include the empty partition as
well. The composite representation [µ, ν], in addition to the tensor product of the two
representations µ and ν, contains ‘corrections’ from the lower representations.
Defining the composite representation in (C.1), one can naturally compute the
associated quantum dimension
dimq[µ, ν] =
∑
ρ,α,β
(−1)|ρ|NµραN
ν
ρtβ dimqα dimqβ . (C.2)
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Using the topological vertex, we can present a closed formula for all quantum di-
mensions of composite representations. We notice that the quantum dimension of
[µ, ν] corresponds to the normalized open-string amplitude in which one inserts a
Lagrangian brane in an outer leg of the resolved conifold in representation µ, and
another Lagrangian brane in the other outer phase on the symmetric point-reflected
leg in representation ν. Computing the normalized open-string amplitude, we arrive
at
dimq[µ, ν] = Q
− 1
2
(|µ|+|ν|)sµ(q
−ρ)sν(q
−ρ)
∏cµt
i=1
∏cνt
j=1(1−Qq
i+j−µti−ν
t
j−1)∏cµt
i=1
∏cνt
j=1(1−Qq
i+j−1)
×
( cµt∏
i=1
cνt∏
j=cνt−µ
t
i+1
(1−Qqi+j−1)
)( cνt∏
i=1
cµt∏
j=cµt−ν
t
i+1
(1−Qqi+j−1)
)
,
(C.3)
where cµ is the number of rows of the Young tableau associated with representation µ,
and µi is the i−th component of the partition µ = (µ1, µ2, . . . , µcµ). Having the Schur-
Weyl duality in mind, here we are using Greek letters to indicate both irreducible
representations and the Young Tableau (partitions) associated with them. Although
there are several apparent factors in the denominator of (C.3), the final result is a
polynomial in terms of Q, just as ordinary quantum dimensions.
Now, we would like to compute the HOMFLY polynomials of torus knots colored
with composite representations. Recall that due to the Rosso–Jones formula [33], the
HOMFLY invariant of an (r, s) torus knot (with rs units of framing) colored with an
irreducible representation µ of SU(N) can be computed via quantum dimensions as
H(r,s)µ (Q, q) =
∑
|ν|=s|µ|
cνµ,sQ
− r
2s
|µ| q−
r
2s
κµ dimqν , (C.4)
where cνµ,s is the coefficient of Adams operation and it can be easily computed by
using the Frobenius formula
cνµ,n =
∑
ℓ(~k)=|µ|
1
z~k
χµ(C~k)χν(C~k(n)) . (C.5)
It turns out that the Rosso–Jones formula can be generalized to the case of composite
representations as well. The HOMFLY polynomial of an (r, s) torus knot in the
composite representation [µ, ν] – with rs units of framing – is then expressed in terms
of quantum dimensions in composite representations
H(r,s)[µ,ν](Q, q) =
∑
α,β
c
[α,β]
[µ,ν],sQ
− r
2s
(|α|+|β|) q−
r
2s
(κα+κβ) dimq[α, β] . (C.6)
where the sums are over all partitions including the empty partition. In (C.6), c
[α,β]
[µ,ν],s
are the coefficients of Adams operation for composite representations. Using the
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formulae in [65], these coefficients can be explicitly calculated. They are given by
c
[α,β]
[µ,ν],n =
∑
τ,λ,ζ,ξ,ρ,σ
(−1)|τ |Nµτζ N
ν
τ tξ c
ρ
ζ,n c
σ
ξ,nN
ρ
λαN
σ
λβ , (C.7)
where again all sums are performed over all partitions, including the empty par-
tition. Notice that c
[α,β]
[µ,ν],s can only be nonzero if |α| = js and |β| = ks where
j ∈ {0, 1, · · · , |µ|} and k ∈ {0, 1, · · · , |ν|}. From (C.7), it is easy to see that c[α,β][µ,∅],s =
cαµ,sδβ,∅ and c
[α,β]
[∅,ν],s = c
β
ν,sδα,∅, and the Rosso-Jones formula (C.6) for composite repre-
sentations reduces to the ordinary Rosso-Jones formula (C.4). Similar to (C.4), the
Rosso-Jones formula (C.6) is invariant under the exchange of r and s.
Using (C.6), we can now work out all HOMFLY invariants of torus knots colored
with composite representations. For instance for the trefoil knot, we expose the asso-
ciated HOMFLY invariants colored by composite representations with at most three
boxes. For composite representation [ , ], one finds
H(3,2)[ , ] = Q
−3q−3dimq[ , ]−Q
−3dimq[ , ]−Q
−3dimq[ , ]
+Q−3q3dimq[ , ] + dimq[∅,∅]
= 1 +Q−3
(
q−3dimq[ , ]− 2dimq[ , ] + q
3dimq[ , ]
)
.
(C.8)
For the composite representation [ , ], we find
H(3,2)[ , ] = Q
− 3
2 q−
21
2
(
dimq[ , ]− q
3dimq[ , ]− q
6dimq[ , ] + q
9dimq[ , ]
+ q9dimq[ , ]− q
12dimq[ , ] +Q
3q9dimq[ ,∅]−Q
3q12dimq[ ,∅]
)
,
(C.9)
while for representation [ , ], one has
H(3,2)
[ , ]
= Q−
3
2 q−
3
2
(
dimq[ , ]− q
3dimq[ , ]− q
3dimq[ , ] + q
6dimq[ , ]
+ q9dimq[ , ]− q
12dimq[ , ] +Q
3dimq[ ,∅]−Q
3q3dimq[ ,∅]
)
.
(C.10)
In order to compute higher winding stretched annulus amplitudes, we need to com-
pute composite HOMFLY invariants in higher representations. For instance, for total
winding four, we need to compute the composite HOMFLY invariants of the trefoil
up to total four boxes. As before, these invariants are computed using (C.6). The
composite invariant in totally symmetric representation with three boxes and the
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fundamental representation is given by
H(3,2)[ , ] = Q
−3q−24
(
dimq[ , ]− q
3dimq[ , ]− q
9dimq[ , ]
+ q12dimq[ , ] + q
15dimq[ , ]− q
18dimq[ , ]− q
18dimq[ , ]
+ q21dimq[ , ] +Q
3q15dimq[ ,∅]−Q
3q21dimq[ ,∅] +Q
3q24dimq[ ,∅]
)
,
(C.11)
while for the composite representation [ , ], we find the following invariant for the
trefoil
H(3,2)
[ , ]
= Q−3q−9
(
dimq[ , ]− q
3dimq[ , ]− q
3dimq[ , ]
+ q6dimq[ , ]− q
3dimq[ , ] + q
6dimq[ , ] + q
12dimq[ , ]
− q15dimq[ , ] + q
12dimq[ , ]− q
15dimq[ , ]− q
15dimq[ , ]
+ q18dimq[ , ] +Q
3dimq[ ,∅]−Q
3q6dimq[ ,∅]
+ 2Q3q9dimq[ ,∅]−Q
3q12dimq[ ,∅] +Q
3q18dimq[ ,∅] .
(C.12)
For the composite representation with totally antisymmetric three boxes and the
fundamental representation, the composite invariant of the trefoil id given by
H(3,2)
[ , ]
= Q−3
(
q3dimq[ , ]− q
6dimq[ , ]− q
6dimq[ , ] + q
9dimq[ , ]
+ q12dimq[ , ]− q
15dimq[ , ]− q
21dimq[ , ] + q
24dimq[ , ]
+Q3dimq[ ,∅]−Q
3q3dimq[ ,∅] +Q
3q9dimq[ ,∅]
)
.
(C.13)
For the composite representation [ , ], the HOMFLY invariant is given by
H(3,2)[ , ] = Q
−6q−18
(
dimq[ , ]− 2q
6dimq[ , ] + 2q
9dimq[ , ]
+ q12dimq[ , ]− 2q
15dimq[ , ] + q
18dimq[ , ]
+Q3q15dimq[ , ]− 2Q
3q18dimq[ , ] +Q
3q21dimq[ , ] +Q
6q18
)
,
(C.14)
while the composite representation in the totally symmetric and totally antisymmetric
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representations with two boxes is found
H(3,2)
[ , ]
= Q−6q−9
(
dimq[ , ]− q
3dimq[ , ] + q
9dimq[ , ]− q
6dimq[ , ]
+ q9dimq[ , ]− q
15dimq[ , ] + q
9dimq[ , ]− q
12dimq[ , ]
+ q18dimq[ , ] +Q
3q6dimq[ , ]− 2Q
3q9dimq[ , ] +Q
3q12dimq[ , ]
)
.
(C.15)
The last composite invariant that we need to compute is the HOMFLY invariant of
trefoil in the composite representation whose both components are totally antisym-
metric representation with two boxes
H(3,2)
[ , ]
= Q−6q−3
(
q3dimq[ , ]− 2q
6dimq[ , ] + 2q
12dimq[ , ] + q
9dimq[ , ]
− 2q15dimq[ , ] + q
21dimq[ , ] +Q
3dimq[ , ]− 2Q
3q3dimq[ , ]
+Q3q6dimq[ , ] +Q
6q3
)
.
(C.16)
The composite HOMFLY invariants enable us to compute all kinds of open-string
stretched amplitudes. With the amplitudes computed above, we will be able to com-
pute stretched amplitude with total winding of four. Since we are interested in pro-
viding another independent check for the validity of the physical annulus kernel intro-
duced in Section 2, we will first extract the stretched annulus amplitudes. Following
the standard procedure for converting the A-model amplitudes to connected B-model
amplitudes, stretched annuli of trefoil
A
(f)
(1,1)(Q) = Q(−9 + 16Q− 9Q
2 +Q4) ,
A
(f)
(2,1)(Q) = 2Q(Q− 1)(−24 + 18f + 78Q− 41fQ− 84Q
2 + 34fQ2 + 24Q3
− 9fQ3 + 12Q4 − 2fQ4 − 6Q5 + fQ5) ,
A
(f)
(2,2)(Q) = 2Q(−128 + 855Q− 2376Q
2 + 3296Q3 − 2088Q4 − 9Q5 + 808Q6
− 432Q7 + 72Q8 +Q9 − 24f(Q− 1)5(Q− 2)(Q2 +Q− 4)
+ 2f 2(Q− 2)2(Q− 1)2(Q4 − 9Q2 + 16Q− 9)) ,
A
(f)
(3,1)(Q) =
3
2
Q(Q− 1)(6(Q− 1)3(−27 + 88Q− 52Q2 − 16Q3 + 13Q4)
− f(246− 1242Q+ 2399Q2 − 2209Q3 + 859Q4 + 59Q5 − 145Q6
+ 31Q7) + 3f 2(Q− 1)(Q− 2)2(−9 + 16Q− 9Q2 +Q4)) .
(C.17)
where f is the framing of the two Lagrangians (we take them to be the same), and the
subscript (m,n) indicates the windings at the two boundaries of the corresponding
stretched annulus amplitude.
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We can also use the obtained result in this section for composite HOMFLY in-
variant in composite representation to extract the three-point function for few low
windings and compare its planar part against the result obtained from the recursion
in (3.47). For the first nontrivial winding the stretched three-point function at genus
zero is found
A
(f)
(1,1,1)(Q) = −Q(Q− 1)(36(Q− 1)
4(Q + 2)− 12f(Q− 1)3
(Q2 +Q− 4) + f 2(Q− 2)(−9 + 16Q− 9Q2 +Q4)) ,
(C.18)
where the subscript (m,n, k) indicates the windings of the three holes: the first two
are the windings of the two holes on the brane LK and the third (and underlined)
element indicates the winding of the hole on ι∗LK. For total winding of four, we have
two ways two distribute the windings on the brane and the image brane. In the first
case two holes of different windings are on the one side and one hole with winding one
is on the other brane. The amplitude is then given by
A
(f)
(1,2,1)(Q) =
1
3
Q(Q− 1)(108(Q− 1)4(15− 41Q−Q2 + 15Q3)
− 18f(Q− 1)3(−147 + 392Q− 210Q2 − 72Q3 + 53Q4)
+ 6f 2(246− 1242Q+ 2399Q2 − 2209Q3 + 859Q4 + 59Q5
− 145Q6 + 31Q7)− 12f 3(Q− 2)2(Q− 1)(−9 + 16Q
− 9Q2 +Q4)) .
(C.19)
In the second case, the two holes on the one side both have winding one, and the hole
on the other brane has winding two. The corresponding stretched amplitude is found
A
(f)
(1,1,2)(Q) = 2Q(Q− 1)
2(12(Q− 1)3(16− 46Q− 12Q2 + 23Q3 +Q4)
− 2f(Q− 1)2(−136 + 356Q− 154Q2 − 107Q3 + 58Q4 +Q5)
+ 18f 2(Q− 2)(Q− 1)3(−4 +Q +Q2)
− f 3(Q− 2)2(−9 + 16Q− 9Q2 +Q4)) .
(C.20)
D α–β (a)symmery of F (1)
An intriguing feature of topological recursion is the symplectic invariance of the free
energies F (g) [11, 66, 67]. In particular this implies the invariance of F (g) under the
exchange of the two meromorphic functions α and β. However all the past proofs
were concerned with the original topological recursion formalism, and there are actu-
ally some straightforward counterexamples in the remodelled scenarios. Consider the
spectral curve (2.1) of the mirror manifold of the resolved conifold with framing f .
It is a Riemann sphere, on which β can serve as a global coordinate. The projection
to the β-plane has no ramification points, hence all the stable correlation differentials
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computed by (3.1) vanish. As a consequence, the free energies defined by (3.10) and
(3.11) are zero as well. If one computes for instance F (1) using the projection to the
α-plane, the result is non-trivial, namely
∂F (1)
∂t
= 2πi
(
Q
12(1−Q)
−
(
f +
1
f
− 1
)
1
24
)
. (D.1)
where t is the complexified Ka¨hler modulus of the resolved conifold. Note the framing
dependence is confined to the classical remnants in the second term, while the quantum
piece in the first term is in accordance with the A-model computation.
So what’s the cause of the breakdown of the invariance of F (1) under the exchange
of α and β? We try to follow the proof of the invariance of F (1) in the original topolog-
ical recursion formalism without remodelling in [11]. The argument there is as follows.
Let Fˆ (1) and ωˆ
(1)
1 (p) be the genus 1 free energy and genus 1 one-point correlator
computed using β-plane projection. They also satisfy the variational formula
δΩFˆ
(1) = −
∫
∂Ω
ωˆ
(1)
1 (p)Λ(p) . (D.2)
Here a minus sign arises because the canonical 1-form Φˆ = α dβ with β-plane projec-
tion differs from the usual one in the original topological recursion, which is Φ = β dα,
by a minus up to a total differential. Then one can represent the variation of the dif-
ference of the two free energies by
δΩ(F
(1) − Fˆ (1)) =
∫
∂Ω
(
ω
(1)
1 (p) + ωˆ
(1)
1 (p)
)
Λ(p) . (D.3)
The goal is to prove this vanishes identically. It can be shown that both ω
(1)
1 (p) and
ωˆ
(1)
1 (p) can be cast as the sum of residues of the same bilinear differential f(p, q)
ω
(1)
1 (p) =−
∑
i
Res
q→ai
f(p, q) , (D.4)
ωˆ
(1)
1 (p) =−
∑
j
Res
q→bj
f(p, q) , (D.5)
where ai are zeros of dα/α and bj zeroes of dβ/β. The bilinear differential f(p, q) is
f(p, q) = Res
r→q
∫ q
ξ=r
B(p, ξ)
2(β(q)− β(r))(α(q)− α(r))
B(q, r) (D.6)
Here comes the crucial step. One cuts open the spectral curve so that no ramification
points are on the boundary of the fundamental domain D. Then when ω(1)1 (p)+ωˆ
(1)
1 (p)
is evaluated one unwinds the contours and computes instead the residue of f(p, q) at
q → p, which is the only other pole of f(p, q) for q. Note the integration of f(p, q) over
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q along the boundary ∂D of the fundamental domain does not contribute because the
segments of ∂D are pairwise identified with opposite orientations. Then
ω
(1)
1 (p) + ωˆ
(1)
1 (p) = Res
q→p
Res
r→q
∫ q
ξ=r
B(p, ξ)
2(β(q)− β(r))(α(q)− α(r))
B(q, r)
=− Res
q→p
B(q, p)
(β(q)− β(p))(α(q)− α(p))
. (D.7)
The last line is argued in [11] to vanish inside the integral in (D.3).
Let’s see what happens to this argument in the remodelled formalism. We again
cut open the Riemann surface so that the ramification points as well as the punctures
are not on the boundary of the fundamental domainD. In the spirit of the remodelling,
one would expect ω
(1)
1 (p)+ωˆ
(1)
1 (p) to be the sum of the residues of the following bilinear
form f˜(p, q) at all the ramification points ai, bj of the spectral curve C
f˜(p, q) = Res
r→q
∫ q
ξ=r
B(p, ξ)
2(log β(q)− log β(r))(logα(q)− logα(r))
B(q, r) . (D.8)
However now there is a catch in the unwinding-contour-in-the-fundamental-domain
argument. q in f˜(p, q) has poles not only at the ramification points and the point p
but possibly also at the punctures. Evaluate the residue inside f˜(p, q) one gets the
explicit expression
f˜(p, q) =
B(p, q)β(q)α′(q)
24α(q)β ′(q)
+
B(p, q)α(q)β ′(q)
24β(q)α′(q)
+ . . . . (D.9)
Terms in · · · only have poles at the ramification points or p, and the derivative ′ is
with respect to an arbitrary local affine coordinate. Equation (D.9) shows that f˜(p, q)
has a pole at a puncture if a puncture (zero or pole) of α but not a puncture of β or
the other way around. We call it an asymmetric puncture. When this is the case, after
unwinding the contours around ramification points ω
(1)
1 (p) + ωˆ
(1)
1 (p) has extra piece
coming from the residue of f˜(p, q) at the asymmetric puncture, which invalidates the
argument for the invariance of F (1) under the exchange of the projection planes.
The appearance of asymmetric punctures can be readily seen by the Newton poly-
tope. Recall the definition of Newton polytope. Let the monomials in the spectral
curve H(α, β) be αiβj, then the Newton polytope is the convex hull of the set of points
(i, j) in a 2d integral lattice, i increasing in the horizontal direction and j increasing
in the vertical direction. Since we only care about the punctures of the curve, we do
not triangulate the Newton polytope. Instead we just draw a ray orthogonal to each
segment of the boundary of the Newton polytope pointing outwards. Each ray corre-
sponds to a puncture of the spectral curve. Furthermore, these rays can be identified
in the following way:
• Pointing to the left: zeros of α;
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(a) Framing 0 (b) Framing 1 (c) Framing 3
Figure 7: Newton polytopes of the spectral curves of the unknot with different choices
of framing
• Pointing to the right: poles of α;
• Pointing down: zeros of β;
• Pointing up: poles of β.
If a ray is vertical, it is only a puncture of β but not a puncture of α, hence an
asymmetric puncture. Similarly if a ray is horizontal, it corresponds to a puncture
in α only and also an asymmetric puncture. In the case of the spectral curve of
the resolved conifold with an arbitrary framing, there are always two rays horizontal
(Figure 7), so F (1)’s computed with α-plane projection and β-plane projection are
never the same.
Finally we want to show another viewpoint towards the asymmetric punctures,
which is related to the observation made by Bouchard and Su lkowski in ref. [51].
Consider the meromorphic 1-forms ωα = dα/α and ωβ = dβ/β. The punctures of the
1-form ωα are the zeros and poles of the meromorphic function α. It is known that
the number of zeroes of ωα minus the number of poles of ωα is 2g − 2. In the generic
case when no asymmetric puncture appears, viz. no ray in the Newton polytope is
either horizontal or vertical, the poles of ωα include all the punctures of the spectral
curve, in which case the number of ramification points with respect to α, i.e. the
number of zeroes of ωα, gets maximized. The same thing can be said of the form ωβ.
If there is an asymmetric puncture, say, a ray is horizontal, the number of poles of ωβ
as well as the number of ramification points with respect to β is reduced, which can
be interpreted as some ramification points being sent to the asymmetric punctures,
giving rise to the residues of f˜(p, q) at the latter positions. This is similar to the
scenarios discussed in ref. [51]. It is revealed there that the framing independence
of F (g), g > 2, which is interpreted as a type of symplectic transformation as well, is
destroyed at some framings where the number of ramification points is reduced. To
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conclude, in the remodelled scenario, F (1) can be different under the exchange of α
and β if asymmetric punctures arise. However, we know that in computing ω
(0)
1 the
right ‘open-string’ coordinate is the one which gives us the disks in considered region
of the moduli space. Therefore, the F (1) which is computed by projecting onto the
right disk coordinate should be the ‘legitimate’ one.
E Propositions and Proofs
Here we collect some propositions used in the main text and their proofs.
E.1 Position of poles of calibrated annulus kernel
In Section 3.2.1 we use the statement that the zero loci of Θ(qi)−Θ(q¯i) and the pole
loci of B̂r,s(qi, qj) intersect only at the tuples (ai1 , · · · , aih), where aik are ramification
points of the augmentation curve. This is due to the following lemma.
Lemma E.1. Let the second point of the annulus kernel B̂r,s(q1, q2) be fixed at a
ramification point ai of the augmentation curve Fr,s(α, β;Q). Then the kernel only
has (double) poles when q1 approaches a ramification point, which may be different
from ai.
Proof. Recall from the discussion in Section 3.2.1 that when q2 in B̂r,s(q1, q2) ap-
proaches a ramification point of the augmentation curve Fr,s(α, β;Q), one ρ-component
of β, say, ρ(ℓ1) approaches a ramification point of the auxiliary curve hr,s(ζ, ρ), while
the other ρ components which correspond to the same ζ value do not. Then
0 =
ζ ′(ρ(ℓ1))
ζ ′(ρ(ℓk))
=
dρ(ℓk)
dρ(ℓ1)
, k = 2, . . . r ,
at a ramification point, meaning that dρ(ℓk) = 0, k = 2, . . . , r. Therefore
B̂r,s(q1, ai) =
r∑
m,n=1
r2ρ(ℓm)(q1)
r−1ρ(ℓn)(q2)
r−1dρ(ℓm)(q1)dρ
(ℓn)(q2)
(ρ(ℓm)(q1)r − ρ(ℓn)(q2)r)2
−
(r − 1)dα(q1)dα(q2)
(α(q1)− α(q2))2
∣∣∣
q2→ai
=
r∑
m=1
r2ρ(ℓm)(q1)
r−1ρ(ℓ1)(q2)
r−1dρ(ℓm)(q1)dρ
(ℓ1)(q2)
(ρ(ℓm)(q1)r − ρ(ℓ1)(q2)r)2
∣∣∣
q2→ai
.
Now for B̂r,s(q1, ai) to develop a pole, one of ρ
(ℓm)(q1) has to approach ρ
(ℓ1)(ai).
If only one ρ(ℓm)(q1) component of β(q1) approaches the ramification point ρ
(ℓ1)(ai)
one has the familiar case where β(q1) itself is a ramification point on the augmenta-
tion curve Fr,s(α, β;Q). If however two ρ
(ℓm)(q1) components of β(q1) approach the
ramification point ρ(ℓ1)(ai) on the auxiliary curve hr,s(ζ, ρ), which is the only other
possibility, then these two ρ(ℓm)(q1) components are actually conjugate points to each
other, and one can show by local computation that their contributions to the principal
part of B̂r,s(q1, ai) cancel.
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E.2 Rauch variational formula for calibrated annulus kernel
Lemma E.2 (Rauch variational formula). Given the augmentation curve of a (r, s)
torus knot with canonical framing rs, the annulus kernel B̂r,s(p1, p2) satisfies
δΩB̂r,s(p1, p2)
∣∣∣
α(p1),α(p2)
=
1
Nr,s
∑
i
Res
q→ai
Ω(q)B̂r,s(p1, q)B̂r,s(p2, q)α(q)β(q)
dα(q)dβ(q)
(E.1)
where the normalization factor Nr,s is
Nr,s =
(
r + s− 2
r − 1
)
. (E.2)
Proof. Since the annulus generating kernel B̂r,s(p1, p2) is the sum of Bergman kernels,
the natural starting point is the Rauch variational formula for the Bergman kernel.
We use the construction of B̂r,s(p1, p2) in (3.27) and denote B
(ℓm,ℓn)
r,s (ζ1, ζ2)dζ1dζ2 also
by Bhr,s(p˜
(ℓm)
1 , p˜
(ℓn)
2 ) to stress the kernel is defined on the auxiliary curve hr,s(ζ, ρ). The
Bergman kernel Bhr,s(p˜
(ℓm)
1 , p˜
(ℓn)
2 ) is still not in the standard form. To achieve the latter,
we consider instead of hr,s(ζ, ρ) the genus zero Riemann surface
Hr,s(X, Y ) = (1−QY )
r −XY s(1− Y )r , (E.3)
which is related to hr,s(ζ, ρ) by
pˆ(X, Y ) : X = ζr, Y = ρr. (E.4)
This curve has two ramification points aˆa, aˆb corresponding to the two sets of rami-
fication points of the curve hr,s(ζ, ρ), namely, (Xa, Ya) = (ζ
r
a, ρ
r
a), (Xb, Yb) = (ζ
r
b , ρ
r
b),
(ζa, ρa) and (ζb, ρb) being the coordinates of the representatives a˜a, a˜b of the two sets
of ramification points on hr,s(ζ, ρ) respectively. Changing the representative does not
change the point on Hr,s(X, Y ). (A detailed discussion on the ramification points on
curve hr,s(ζ, ρ) is given in Appendix E.3). The standard Bergman kernel of this curve
is precisely equal to Bhr,s(p˜
(ℓm)
1 , p˜
(ℓn)
2 )
BHr,s(pˆ
(ℓm)
1 , pˆ
(ℓn)
2 ) =
dY (pˆ
(ℓm)
1 )dY (pˆ
(ℓn)
2 )(
Y (pˆ
(ℓm)
1 )− Y (pˆ
(ℓn)
2 )
)2 = Bhr,s(p˜(ℓm)1 , p˜(ℓn)2 ) , (E.5)
and it satisfies the Rauch variational formula
δBHr,s(pˆ
(ℓm)
1 , pˆ
(ℓn)
2 )
∣∣∣
X(pˆ
(ℓm)
1 ),X(pˆ
(ℓn)
2 )
=
∑
µ=a,b
Res
qˆ→aˆµ
ΩH(qˆ)BHr,s(pˆ
(ℓm)
1 , qˆ)B
H
r,s(pˆ
(ℓn)
2 , qˆ)
dX(qˆ)dY (qˆ)
(E.6)
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where the variation 1-form ΩH(q) is
ΩH(qˆ) = δY (qˆ)|X(qˆ)dX(qˆ) .
Let us compute the left hand side of (E.1):
δBr,s(p1, p2)
∣∣∣
α(p1),α(p2)
=
r∑
m,n=1
δBHr,s(pˆ
(ℓm)
1 , pˆ
(ℓn)
2 )− (r − 1)δ
(
dα1dα2
(α1 − α2)2
) ∣∣∣
X(pˆ
(ℓm)
1 ),X(pˆ
(ℓn)
2 )
=
r∑
m,n=1
∑
µ=a,b
Res
qˆ→aˆµ
ΩH(qˆ)BHr,s(pˆ
(ℓm)
1 , qˆ)B
H
r,s(pˆ
(ℓn)
2 , qˆ)
dX(qˆ)dY (qˆ)
=
r∑
m,n=1
∑
µ=a,b
Res
q˜→a˜µ
δρ|ζ(q˜)dζ(q˜)Bhr,s(p˜
(ℓm)
1 , q˜)B
h
r,s(p˜
(ℓn)
2 , q˜)
dρ(q˜)dζ(q˜)
(E.7)
From the first line to the second we use δα|X = 0, and (E.6). Next we compute the
right hand side of (E.1), the identity we want to prove. Recall the variation on the
augmentation curve Fr,s(α, β;Q) is given by
Ω(q) = δ log(β)|αdα/α =
δβ|αdα
αβ
(E.8)
The integrand on the right hand side of (E.1) is
Ω(q)B̂r,s(p1, q)B̂r,s(p2, q)α(q)β(q)
dα(q)dβ(q)
=
δβ(q)|α(q)dα(q)
dα(q)dβ(q)
B̂r,s(p1, q)B̂r,s(p2, q) . (E.9)
We know this integrand has only simple pole at a ramification point, so that when
the residue is evaluated, only the leading terms in the numerator and denominator of
the integrand contribute. Furthermore, recall that β = (−1)r+1ρ(ℓ1)ρ(ℓ2) · · · ρ(ℓr) and
when it approaches a ramification point of the augmentation curve Fr,s(α, β;Q), one
of the ρ-components, say, ρ(ℓ1) approaches a ramification point of the auxiliary curve
hr,s(ζ, ρ), while the other ρ
(ℓk), k = 2, . . . , r do not, which nevertheless correspond to
the same ζ . Then
dρ(ℓk)
dρ(ℓ1)
=
ζ ′(ρ(ℓ1))
ζ ′(ρ(ℓk))
→ 0, ρ(ℓ1) approaches a ramification point
Therefore, when ρ(ℓ1) approaches a ramification point, the other dρ(ℓk), k = 2, · · · , r
are infinitesimally small compared to dρ(ℓ1), and hence can be dropped.
Now let us consider each piece on the right hand side of eq. (E.9). The first piece
to be considered is
dβ = (−1)r+1
(
ρ(ℓ2) · · · ρ(ℓr)dρ(ℓ1) + · · ·+ ρ(ℓ1) · · · ρ(ℓr−1)dρ(ℓr)
)
.
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Its leading term is (−1)r+1ρ(ℓ2) · · · ρ(ℓr)dρ(ℓ1). The next piece to be considered is
δβ|αdα = (−1)
r+1
(
ρ(ℓ2) · · ·ρ(ℓr)δρ(ℓ1)|ζ + · · ·+ ρ
(ℓ1) · · · ρ(ℓr−1)δρ(ℓr)|ζ
)
rζr−1dζ .
Now given the auxiliary curve hr,s(ζ, ρ;Q) where t =
1
2πi
logQ the complexified Ka¨hler
modulus is the actual parameter of the curve we are going to vary, the variation δρ|ζdζ
is given by
δhr,s =
∂hr,s
∂ρ
δρ|ζ +
∂hr,s
∂t
δt = 0 ⇒ δρ|ζdζ = −
∂thr,s
∂ρhr,s
δtdζ =
∂thr,s
∂ζhr,s
δtdρ . (E.10)
Therefore, δρ(ℓk)dζ ∝ dρ(ℓk), k = 1, · · · , r, and the leading contribution from δβ|αdα
is the first term (−1)r+1rζr−1ρ(ℓ2) · · ·ρ(ℓr)δρ(ℓ1)|ζdζ . The third piece we consider is
B̂r,s(p1, q)
∣∣∣
q→ai
=
r∑
m,h=1
Bhr,s(p˜
(ℓm)
1 , q˜
(ℓh))− (r − 1)
dα(p1)dα(q)
(α(p1)− α(q))2
∣∣∣
q˜(ℓ1)→a˜i,q→ai
=
r∑
m,h=1
r2(ρ
(ℓm)
1 )
r−1(ρ(ℓh))r−1dρ
(ℓm)
1 dρ
(ℓh)(
(ρ
(ℓm)
1 )
r − (ρ(ℓh))r
)2 ∣∣∣
q˜(ℓ1)→a˜i
,
where ρ
(ℓm)
1 = ρ(p˜
(ℓm)
1 ) and ρ
(ℓh) = ρ(q˜(ℓh)). The leading contributions from the annulus
kernel B̂r,s(p1, q) are
∑r
m=1B
h
r,s(p˜
(ℓm)
1 , q˜
(ℓ1)). Likewise, the leading contributions from
B̂r,s(p2, q) are
∑r
n=1B
h
r,s(p˜
(ℓn)
2 , q˜
(ℓ1)). Putting everything together, the residue on the
right hand side of (E.1) is found to be
Res
q˜(ℓ1)→a˜i
r∑
m,n=1
δρ(q˜(ℓ1))|ζ(q˜(ℓ1))dζ(q˜
(ℓ1))
dζ(q˜(ℓ1))dρ(q˜(ℓ1))
Bhr,s(p˜
(ℓm)
1 , q˜
(ℓ1))Bhr,s(p˜
(ℓn)
2 , q˜
(ℓ1)) . (E.11)
Finally identify q˜(ℓ1) in (E.11) with q˜ in (E.7), and recall from the proof of Propo-
sition E.3 that
(
r+s−2
r−1
)
ramification points on the augmentation curve correspond to
a single set of ramification points on the auxiliary curve, one can arrive at the desired
identity (E.1).
E.3 The number of ramification points of augmentation curve
Proposition E.3. Given the augmentation curve Fr,s(α, β;Q) of a torus knot (r, s)
with canonical framing rs, the number of ramification points, viz. the zero of dα/α,
for a generic value of Q is
2
(
r + s− 2
r − 1
)
. (E.12)
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Proof. We recall that a ramification point on the augmentation curve Fr,s(α, β;Q)
with canonical framing rs is described by (3.28) and that a ramification point of the
augmentation curve corresponds to a ramification point of the auxiliary curve as well.
In order to study the latter, we solve ζ as a function of ρ from the auxiliary curve,
ζ(ρ) =
ρ−s (Qρr − 1)
ρr − 1
. (E.13)
dζ/ζ = 0 requires
Qsρ2r + ρr(Qr −Qs− r − s) + s = 0 . (E.14)
which for a generic value of Q has 2r solutions. The 2r ramification points of the aux-
iliary curve hr,s(ζ, ρ) can be divided into two groups Sa, Sb. Within each group the
values of ρ and hence the values of ζ as well differ only by a phase shift. Choose a rep-
resentative point (ζa, ρa) in Sa, out of which the way to construct a ramification point
on the augmentation curve is as follows. Let α be (ζa)
r, and let ρ(ℓ1), ρ(ℓˆ1) in (3.28) ap-
proach ρa. ρ
(ℓ2), . . . , ρ(ℓr) can be any r−1 different ρ(k)’s chosen from the rest (r+s−2)
ρ(k) associated with ζa. So from (ζa, ρa) alone we can find
(
r+s−2
r−1
)
ramification points
on the augmentation curve, denoted by (αa, βa,i), i = 1, . . . ,
(
r+s−2
r−1
)
, where all share
the same branch point αa. For the other points on the auxiliary curve in the group Sa
the only difference is a phase shift η, the r-th root of unity, in ζa and a corresponding
phase shift in ρ(ℓk), k = 1, . . . , r, which do not change either α or β. Therefore, no new
ramification points on the augmentation curve can be found. The case is similar for
the group Sb. With a representative (ζb, ρb) we can find another
(
r+s−2
r−1
)
ramification
points on the augmentation curve, denoted by (αb, βb,i), i = 1, . . . ,
(
r+s−2
r−1
)
, where all
project onto the same branch point αb on the α plane. Other members of Sb bring
no new ramification point. Therefore, the total number of ramification points on the
augmentation curve for torus knot (r, s) is 2 ·
(
r+s−2
r−1
)
.
Note that although this proposition is proved for the canonical framing rs, accord-
ing to the discussion at the end of Appendix D, the number of ramification points
does not change when the framing changes, since the number of punctures of the
curve stays fixed, as one can easily see from the Newton polytope, except at some
critical framing where some segments of the boundary of the Newton polytope become
horizontal. Therefore the number of ramification points for a generic framing is also
2 ·
(
r+s−2
r−1
)
.
F Augmentation curves of some non-torus knots
Further augmentation curves are listed on Ng’s website [50] in terms of the multiplica-
tive generators λ, µ and U introduced in ref. [19].25 They are related to the generators
25Note that this choice of generators differs a bit from ref. [21]; see also the discussion of conventions
in the appendix of this paper.
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α, β and U according to
U = 1/Q , λ = α , µ = −1/β . (F.1)
In terms of the generators α, β and Q, the following augmentation polynomials (in
framing zero) read for the figure-eight knot
F41(α, β;Q) = β
2 −Qβ3 + α(−1 + 2β − 2Q2β4 +Q2β5)
+ α2(1− 2Qβ + 2Q2β4 −Q3β5) + α3(−Q2β2 +Q2β3) ,
(F.2)
for the 52 knot
F52(α, β;Q) = −Qβ
7 +Q2β8
+ α(−β2 + 2β3 − β4 − 2Qβ5 − 3Qβ6 + 3Q2β6 + 4Q2β7 − 2Q3β8)
+ α2(1− 3β + 5β2 − 4Qβ2 − 3β3 + 3Qβ3 − 4Qβ4 + 6Q2β4 − 3Qβ5
+ 3Q2β5 + 5Q2β6 − 4Q3β6 − 3Q3β7 +Q4β8)
+ α3(−2 + 4β − 3β2 + 3Qβ2 − 2Qβ3 −Qβ4 + 2Q2β5 −Q3β6)
+ α4(1− β) ,
(F.3)
for the 61 knot
F61(α, β;Q) = Qβ
4 −Q2β5
+ α(−1 + 2β − β2 + 2Qβ4 +Q2β5 −Q2β6 − 4Q3β6 + 2Q3β7)
+ α2(2− 2β − 4Qβ + 3Qβ2 + 4Qβ3 − 3Q2β5 +Q3β6 + 2Q3β7
− 6Q4β7 + 4Q4β8 −Q4β9)
+ α3(−1 + 4Qβ + 2Qβ2 − 6Q2β2 +Q2β3 − 3Q2β4 + 4Q3β6
+ 3Q4β7 − 2Q4β8 − 4Q5β8 + 2Q5β9)
+ α4(2Q2β2 −Q2β3 − 4Q3β3 +Q3β4 + 2Q3β5 −Q4β7 + 2Q5β8 −Q6β9)
+ α5(−Q4β4 +Q4β5) ,
(F.4)
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and for the 62 knot
F62(α, β) = −Q
4β13 +Q5β14 + α6(Q2β2 −Q2β3)
+ α(3Q3β9 − 4Q3β10 − 4Q4β10 − 2Q4β11 + 2Q5β11 + 7Q5β12 + 4Q5β13
− 4Q6β13 − 2Q5β14 − 2Q6β14 +Q6β15 + 2Q7β15 −Q7β16)
+ α2(−3Q2β5 + 6Q2β6 + 5Q3β6 − 6Q2β7 + 4Q3β7 − 3Q4β7 − 3Q3β8
− 14Q4β8 +Q5β8 − 14Q4β9 + 12Q5β9 + 7Q4β10 + 20Q5β10 − 4Q6β10
− 8Q4β11 + 28Q5β11 − 18Q6β11 +Q5β12 − 18Q6β12 + 6Q7β12 − 15Q6β13
+ 12Q7β13 + 4Q6β14 + 7Q7β14 − 4Q8β14 −Q6β15 − 3Q8β15 +Q9β16)
+ α3(Qβ − 2Qβ2 − 2Q2β2 + 3Qβ3 +Q3β3 − 4Qβ4 + 2Q2β4 + 6Q3β4
+ 4Q2β5 − 3Q4β5 − 20Q3β6 − 6Q4β6 + 3Q3β7 −Q4β7 + 2Q5β7 − 12Q3β8
+ 40Q4β8 + 4Q5β8 + 3Q4β9 −Q5β9 + 2Q6β9 − 20Q5β10 − 6Q6β10 + 4Q5β11
− 3Q7β11 − 4Q5β12 + 2Q6β12 + 6Q7β12 + 3Q6β13 +Q8β13 − 2Q7β14
− 2Q8β14 +Q8β15)
+ α4(Q2 − β − 3Q2β + 4Qβ2 + 7Q2β2 − 4Q3β2 − 15Q2β3 + 12Q3β3
+Q2β4 − 18Q3β4 + 6Q4β4 − 8Q2β5 + 28Q3β5 − 18Q4β5 + 7Q3β6 + 20Q4β6
− 4Q5β6 − 14Q4β7 + 12Q5β7 − 3Q4β8 − 14Q5β8 +Q6β8 − 6Q4β9 + 4Q5β9
− 3Q6β9 + 6Q5β10 + 5Q6β10 − 3Q6β11)
+ α5(−Q +Qβ + 2Q2β − 2Qβ2 − 2Q2β2 + 4Q2β3 − 4Q3β3 + 7Q3β4
− 2Q3β5 + 2Q4β5 − 4Q3β6 − 4Q4β6 + 3Q4β7) .
(F.5)
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